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ERRATA. 

Page. 

11. Line 13, /or |«<j|^ read \Cij\^. 

15. In the foot-notes change numbering as follows: for 1 read 2, for 2 read 3, for 3 read 4, 

for 4 read 1. 

26. Line 21, for A" read h^ . 

33. Line 1 5, for A ej e» read AejC^, 

34. Line 6, for [w, (/»,) raac? [in[ (/>,). 
49. Line 6, for W2]'|i r^<? wij^.,. 

53, 54. In the table for r >6 in every instance change r— 2 to r— 3, and r— 3 to r— 4. 

/;rj ca^e (27), however^ read e^ = (211) — (12 r — 3). 
57. Line 8, for t< read ti . 
59. Line 33, remove the period after A. 

67. Line 12, insert a comma (,) after "integer". 

68. Lines 9 and 10, change y U> v, 

71. Line 17, in type III for e^ read Cu. 

72. Last line, /or aqa~^ read aqa~^. 

73. Line 3 from bottom, for jk * read jk » . 
94. Line 7, for Si'j' read 8Vj'\ 

94. Last line, in the second column of the determinant and third line for S. ; "* « ; * <^ — </> 

read S.j"^ «i'<^. 
100. Line 12, for <^ = <^ read (^ = qf . 

106. Some of these cases are equivalent to others previously given. 

107. Line 3 from bottom, /or e^ = (221) read e^ = (211). 

116. Line 25 should read p = '' '^J '-^ . 

124. Note 3, add: cf. Bbez 2. 

128. Line 11, for t = 1 . . . . ^, read i = 1 .... A, . 
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INTRODUCTION. 



This memoir is genetic in its intent, in that it aims to set forth the present 
state of the mathematical discipline indicated by its title: not in a comparative 
study of different known algebras, nor in the exhaustive study of any particular 
algebra, but in tracing the general laws of the whole subject. Developments 
of individual known algebras may be found in the original memoirs. A partial 
bibliography of this entire field may be found in the Bibliography of the 
Quaternion Society/ which is fairly complete on the subject. Comparative 
studies, more or less complete, may be found in Hankel's lectures,' and in 
Catlet's paper on Multiple Algebra.^ These studies, as well as those men- 
tioned below, arie historical and critical, as well as comparative. The phyletic 
development is given partially in Study's Encyklopadie^ article, his Chicago 
Oongreas^ paper, and in Cartan's Encyclopedic^ article. These papers furnish 
numerous expositions of systems, and references to original sources. Further 
historical references are also indicated below.^ 

In view of this careful work therefore, it does not seem desirable to review 
the field again historically. There is a necessity, however, for a presentation 
of the subject which sets forth the results already at hand, in a genetic order. 
From such presentation may possibly come suggestions for the future. 
Attention will be given to chronology, and it is hoped the references given 
will indicate priority claims to a certain extent. These are not always easy 
to settle, as they are sometimes buried in papers never widely circulated, nor 
is it always possible to say whether a notion existed in a paper explicitly or 
only implicitly, consequently this memoir does not presume to offer any authori- 
tative statements as to priority. 

The memoir is divided into three parts : General Theory, Particular Sys- 
tema, Applications. Under the General Theory is given the development of the 
subject from fundamental principles, no use being made of other mathematical 
disciplines, such as bilinear forms, matrices, continuous groups, and the like. 



* Presented, in a slightly different form, as an abstract of this paper, to the Congress of Arts and 
Seienoes at the Uniyersal Exposition, St Louis, Sept. 23, 1904. 

* Bibliography of Quaternions and allied systems of mathematics, Alexander Macfarlane, 1904, Dublin. 
'Hahkil 1. References to the bibliography at the end of the memoir are giyen by author and 

number of paper. 

4 0atlit9. > Study 8. •Study?. iCastanS. 

* BiMAH 8, OiBBB 3, R. Gbaybs 1, Haqbn 1, Macfablanb 4. 
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6 SYNOPSIS OF LINEAR ASSOCIATIVE ALGEBRA 

We find the first such general treatment in Hamilton's theory^ of sets. The 
first extensive attempt at development of algebras in this way was made by 
Benjamin Peirce^ His memoir was really epoch-making. It has been critic- 
ally examined by Hawkes®, who has undertaken to extend Peirce's method, 
showing its full power*. The next treatment of a similar character was by 
Cartan^, who used the characteristic equation to develop several theorems of 
much generality. In this development appear the semi-simple^ or Dedekind, 
and ih^ pseudo-nul^ or nil potent, sub-algebras. The very important theorem 
that the structure of every algebra may be represented by the use of double 
units, the first factor being quadrate, the second non-quadrate, is the ultimate 
proposition he reaches. The latest direct treatment is by Taber*, who 
reexamines the results of Peirce, establishing them fully (which Peirce had 
not done in every case) and extending them to any domain for the coordinates. 
[His units however are linearly independent not only in the field of the 
coordinates, but for any domain or field ] 

Two lines of development of linear associative algebra have been followed 
besides this direct line. The first is by use of the continuous group. It was 
PoiNCARE*^ who first announced this isomorphism. The method was followed 
by ScHEFFERS^, who classified algebras as quaternionic and non quaternionic. 
In the latter class he found '^ regular" units which can be so arranged that 
the product of any two is expressible linearly in terms of those which 
follow both. He worked out complete lists of all algebras to order five 
inclusive. His successor was Molien*, who added the theorems that quater- 
nionic algebras contain independent quadrates, and that quaternionic algebras 
can be classified according to non-quatemionic types. He did not, however, 
reach the duplex character of the units found by Cartan. 

The other line of development is by using the matrix theory. C. S. Peirce^® 
first noticed this isomorphism, although in embryo it appeared sooner. The 
line was followed by Shaw ^^ and Frobbnius ^. The former shows that the 
equation of an algebra determines its quadrate units^ and certain of the direct 
units ; that the other units form a nilpotent system which with the quadrates 
may be reduced to certain canonical forms. The algebra is thus made a sub- 
algebra under the algebra of the associative units used in these canonical forms. 
Frobenius proves that every algebra has a Dedekind sub-algebra, whose 
equation contains all factors in the equation of the algebra. This is the semi- 
dimple algebra of Cartan. He also showed that the remaining units form a 
nilpotent algebra whose units may be regularized. 

It is interesting to note the substantial identity of these developments, 
aside from the vehicle of expression. The results will be given in the order 
of development of the paper with no regard to the method of derivation. The 
references will cover the difierent proofs. 



1 Hamilton 1. 


s B. Pkibok 1, 8. 


s Hawkbs 3. 


4 Hawkbs 1, 8, 4. 


> Cabtan 3. 


• Tabbs 4. 


1 POINOABB 1. 


•SOHBFFBBS 1, 2, 8. 


* MOLIEN 1. 


10 C. S. Pbibcb 1, 4. 


" Shaw 4. 


i*Fbobbniu8 14. 
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The last chapter of the general theory gives a sketch of the theory of 
general algebra, placing linear associative algebra in its genetic relations to 
general linear algebra. Some scant work has been done in this development, 
particularly along the line of symbolic logic. ^ On the philosophical side, 
which this general treatment leads up to, there have always been two views 
of complex algebra. The one regards a number in such an algebra as in 
reality a duplex, triplex, or multiplex of arithmetical numbers or expressions. 
The so-called units become mere nmhrae serving to distinguish the different 
coordinates. This seems to have been Cayley's* view. It is in essence the 
view of most writers on the subject. The other regards the number in a linear 
algebra as a single entity, and multiplex only in that an equality between 
two such numbers implies n equalities between certain coordinates or functions 
of the numbers. This was Hamilton's^ view, and to a certain extent Grass- 
mann's.^ The first view seeks to derive all properties from a multiplication 
table. The second seeks to derive these properties from definitions applying 
to all numbers of an algebra. The attempt to base all mathematics on arith- 
metic leads to the first view. The attempt to base all mathematics on algebra, 
or the theory of entities defined by relational identities, leads to the second 
view. It would seem that the latter would be the more profitable from the 
standpoint of utility. This has been the case notably in all developments 
along this line, for example, quaternions and space-analysis in general. 
Hamilton, and those who have caught his idea since, have endeavored to form 
expressions for other algebras which will serve the purpose which the scalar, 
vector, conjugate, etc., do in quaternions, in relieving the system of reference 
to any unit-system. Such definition of algebra, or of an algebra, is a develop- 
ment in terms of what may be called the fundamental invariant forms of the 
algebra. The characteristic equation of the algebra and its derived equations 
are of this character, since they are true for all numbers irrespective of the 
units which define the algebra; or, in other words, these relations are identically 
the same for all equivalent algebras. The present memoir undertakes to add to 
the development of this view of the subject. 

In conclusion it may be remarked that several theorems occur in the course 
of the memoir which it is believed have never before been explicitly stated. 
Where not perfectly obvious the proof is given. The proofs of the known 
theorems are all indicated by the references given, the papers referred to con- 
taining the proofs in question. No fuller treatment could properly be given 
in a synopsis. 



> C. S. PkIBOK 1, 2, SOHBOKDBB 1, WhITKHEAD 1, RUBSBLL 1, SUAW 1. 

* Catlbt 1, 9. See also Gibbs 1, 2, 8^ * Hamilton 1, 2. ^Gbassm ann 1, 2. 



PART I. GENERAL THEORY. 

L DEFINITIONS. 

1. BARLY DEFINITIONS.* 

1. Definitions. Let there be a set of r entities, 6« 6^, which will be 

called qualitative units. These entities will serve to distinguish certain other 
entities, called coordinates^ from each other, the coordinates belonging to a given 
range^ or ensemble of elements; thus if a« is a coordinate, then a«e« is different 
from a^ej, if i ^j\ and no process of combination belonging to the range of a« 
can produce a« ej from a« e« . Thus, the range may be the domain of scalars 
(ordinary, real, and imaginary numbers), or it may be the range of integers, or 
it may be any abstract field, or even any algebra. If it be the range of integers, 
subject to addition, subtraction, multiplication, and partially to division, 
then by no process of this kind or any combination of such can aie^ become 
a«e^. These qualified coordinates may be combined into expressions called 
complex^ or hypercomplex, or multiple numbers, thus 

r 

a = 2 a^e^ 

*-i 

In this number each a« is supposed to run through the entire range. The units 
e^, or 1 e«, are said to define a region of order r. 

2. Theorems:' 

(1) (a+b) e^ = aci + be^, and conversely, if + is defined for the range. 

(2) e« = «! = , if belongs to the range. 

(3) 2 (iiei=^ 0, implies a< = (i = 1 . • . . r) 

r r 

(4) If 2 aiei=. 2 6<€i; then a< = 6^, i = 1 . . • . r, and conversely. 

Theorems (3) and (4) might be omitted by changing the original definitions, 
in which case relations might exist between the units. Thus, the units + 1 
and — 1 are connected by the relation + 1 + ( — 1) = 0. 

Algebras of this character have more units than dimensions. 

3. Defimtioni. A combination of these multiple numbers called addition 
is defined by the statement ^ 

a + i3 = 2 (a< + 6*) c< 
i=i 

^Haxkbl 1, Whitbhbad 1. Almost eTery writer hM given equiTalent deflnitioDs. These were of 
coarse more or less loosely stated. 
• Whitbhsad t. 

9 
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In quaternions and space-analysis the definition is derived from geometrical 
considerations, and the definition used here is usually a theorem.^ 

4. Theorem. From the definition we have 

a + fi = fi + a a + {^ + y) = {a + fi) + y 

when these equations hold for the range of coordinates. If subtraction is 
defined for the range, it will also apply here. 

5. Theorem. If m belongs to the range and if ma is defined for the range 
(called multiplication of elements of the range) then we have 

r 

m a = 2 (m tti) 6^ 

6. The units are called unitary or Baupteinheiten^, and the region they 
define is also called the ground^ or the basis^ of the algebra. The units are 

written also* (1,0,0, )>(0> 1|0| )i (0*0, 1), the position of the 1 

serving to designate them. The implication in this method of indicating them 
is that they are simply ordinary units (numbers) in a system of n-tuple numbers, 
the coordinates of each n-tuple number being independent variables. This view 
may be called the arithmetic view as opposed to that which may be called the 
vector view, and which looks upon the units as extraordinary entities, a term 
due to Cayley. There are two other views of the units, namely, the operator 
view, and the algebraic view. The first considers any unit except ordinary 
unity to be an operator, as ( — 1) or the quaternions », y, k. The second con- 
siders any unit to be a solution of a set of equations which it must satisfy and 
as an extension of some range (or domain, or field) ; or from a more abstract 
point of view we consider the range to be reduced modulo certain expressions 
containing the so-called units as arbitrary entities from the range. Thus, if 
we treat algebraic expressions modulo t* + 1, we virtually introduce ^/ — 1 
into the range as an extension of it."^ 

7. Definition. We may now build a calculus^ based solely on addition of 
numbers and combinations of the coordinates. This may be done as follows : 

Let the symbol / have the meaning defined by the following equations : if 

r r 

a = 2 a^ e< if = 2 X| «i 

i=l i=l 

then 

/ . a ^ = 2 a^ Xi 

i = i 

It is assumed that the coordinates a, x, are capable of combining by an associ- 
ative, commutative, distributive process which may be called multiplication, 
so that aiX^ is in the coordinate range for every a^ and ar^, as well as 2a«X(. 

1 Hamilton 1, 2, Gbassmann 1, 2, cf. Macfablanb 1. •OBASSMAxir 1. 

s Weierstrass 2. «Tabbb 1. ^Molien 1. 'Dedbkiiid 1, Beblott 1. 

f Shaw 13. * See % 21 for difference between a calculus and an algebra. 



DEFINITIONS 



11 



/ . e« ^ = x< 



Oi • • 



Evidently 
Also, if i djpj 

I . €i€i= 1 

8. Theorem. We have 

9. Definition. We say that a and f are orthogonal if 7 . a^ = 0. The units 
. ., €r therefore form an orthogonal system. 

If / . ^^ = 0, ^ is called a nuflitat. 



/ , e< e^ = 



/.ff='2.arf 



10. Theorem. Let 



and 






(i = 1 r) 



Then, we have 



c,.= 



/. ^,^,= 1 



k«l'=i 



where C^ is the minor of c^ in | C|^ | . 
Further ^ 2x.C«^. 

C = - IT- 1 



'0' 



a = 



2ajfe Gijc Ei 



If/', refers to the E coordinates just as /to those of the e's. 



Ti r Sxj q|. G^ Cjfc J. ^ 



r 

since 2 G^^ G^, = or 1 as A; -^j or k =y, and |c^^ |* = I. 



i = i 



Hence / is invariant under a change to a new orthogonal basis. 

11. Definition. Let the expression A. ax .... a^.i A^i. • • .^3^ represent 
the determinant 

A ^t /?» /?« 

/ai/3i /ai/3, /oti/^s ^ai^« 

/ttg^l /Og/Jg Tog/^s I(hPm 



• • • • 



• • • . 



/a^-l/3l la^^ifiz ^a«-l/?8 •••• ^OLm-l^m 

In particular 

^ . ai ^1^1 /3, = /3, /a. /?« - A /ai/?i 
i. ai ^oji ^/?i /!^2 = |/a,/3i, /oa/Sgl = — /. a^AaiA^xPz 

= -^- /^i ^/?2 ^ai a« 
These expressions vanish if a^ . . . . a^t-i are connected by any linear rela- 
tion, or /?! /?m by any linear relation, or if any a is orthogonal to all of 

the /3's. If any /3, say /J^, is orthogonal to all the a's, 

/ . a] Aa^ . . . . a^ A^i .... ^^ = 
and 



12 
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12. Theorem. A . aA^y + A . fiAya + A . yAap = 

I.aApAyS + I. ^AyAaZ + /. yAaA^h = 

pi ojcl = ala^ — AaAafi 

= Aa, A^, ^^ /a, fi^ —A a^Afi^pJa^^^ + A aiAp^fi^Ia^fi, 
I.aiAa^a^APi^^^^^=z — /. a, -iaj ag il/3i /Sj /Jg = • • • • 

=lI.^lA^2^S^(^l(h<^Z=~^' /^g il/3i /3g -itti Og ttg = . . . • 

y I . aA^Aap = al . aA^Ay^ + ^I . aA^Awy + Aa^Aa^y 

13. Theorem. In general 

Jl . 0C| • • • • (Xfn _ \ "^Pi • • • • Pm """ ^ • Pi J-OL\ -^OL^ • • • • OCm ] -^P% • • • • ^^i 

= S . Aai Api^i iog ^ag • • • • a^.i Ap^ • • • • i^M 



• • • • 



p/. aj-^oig • • • •(Xm^i.^lai • • • •a,gi— 1~^^ .aildiAct^' • • •am.iiipoig- • • •oLm.i 

Signs of terms follow rule for Laplace's expansion of a determinant. Develop- 
ments for Aai A(3iy and higher forms are easily found. 

14. Theorem. If the notation be used 
A\ ^^••••» }- = ii . XiA . AX^' • • •A . AX^AuQfig . //,-!. • - *(h • f^i 
then 



A 






(^ (^1 th l^s iWf-.i (^B 

I^(lO I^l^i J^llh I\i^Z ^^if^f-l ^^if^a 

iX^iiQ /A.g|c/g IXsiig^ilXifig 







iX.ii, 



IX^I^Q 

— /£,-i/Xifii — /x,.gf/,.g/;i,.iji|^'| 



It follows that 



DEFINITIONS -1^ 

Omitting X and (i 

{1231 (23) f23) 

1233"^^'^*^ {l3j ^'^'^^^ 121) 

The forms A A. . , . may all be developed in this manner. 

The form -4 ] *? 7 * [ , where ij *ni /i • • • • Jn ^re two sets of n 

[JiJt Jn) 

subscripts each chosen from among the r numbers 1 r, may be looked 

upon as determining a substitution of n cycles on the r numbers, the 

multipliers /X^^ . j f^*^ + j , ^^jr f^ir furnishing the other r—n numbers, that is, 

the whole term determines the substitution 



{• • • • \ 

*n+l • • • • Iri h • • • • *n f 
Jn+l • • • * JrfJl ' ' • 'Jn) 



which must contain just n cycles. It is also to be noticed that it>j\f 

t=zl n. The terms in the expansion of J. . X^ . . . .X^ Amfii (i^ are 

then the r! terms corresponding to the. r ! substitutions of the symmetric group 
of order r!. The sign of each term is positive or negative according as the 
number of factors / in front of the Jl ] f is even or odd. Certain theorems 
are obvious consequences but need not be detailed. 

15. Definition. Let Q(a/?) be any expression linear and homogeneous in 

the coordinates of a and ^. 

Also let 

C(fP = 2g(e,e«) (» = l....r) 

be formed. This is called the Q-th bilinear ^} 

16. Theorem. If e^ is any other orthogonal system, 

Q .^^=^Q . ejei, . leje^ lei ^i 

Hence Q . ^^ is independent of the orthogonal system. 
It follows at once that 

I.^ATi^ A^li^ = (r— 1) 17,^(1, A . fXi A^fi^ fi^ = ^ {r — 2) A^^ Afi^ii^ 

I . ^A^ • . • • >l« A^fii . . . . |Mg = (r — a) I. Jli AX^ . . • • \ Afii ..../£, 

A . ^^1 . . . ./Ig A^fii . . -(ig+i ^ — (r — 8 — l)-4Xi. . . .\A(ii. . . 'fig^i 

Q . f^ may also be written Q .^^hy extending the definition of Vi the 

coordinates of f being arj . . . . a:^, that is, v = 2 e^-^ . 

> M'AULAT 1. 
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17. Theoran. By putting subscripts on the zeta-pairs we may use several. 
Thus 

I.^,A^,A^,^, = r{T-l) 
A'^i^tMi^t= (r-2)(r-l)p 
/.^,Jf,^,JCi?./*.= (r-2)(r^l)/;i,/*, 

In general 

I^i A^2 . • . Si '^i • • • '^s -^s 1 • • • s t f^i • • • f^« = 

(r — «) (r — tf — 1) . . . (r — 9 — < + 1) / . >li A^ ... 31, jifxj • • • f^t 

If tf + < > r this vanishes ; if » + < = r, we have 

J • A| -^S^Vz • * * ^8 ^f^i * • * A'f — " 

/^ ^\| ^* SI -^s« • • • s< ^ • • • ^8 -^Sl s« • • • St f^l • • • ^8 

•"M • • • s< '^l • • • '^t— 1 -"SI • • • s « f*i • • • i^« "~ 

( — l)*(r — «)...(r — « t + 1) ii^lj. ..>la-.i -4/£i. ../I, 

/y ^\| -^si • • • St ^1 • • • ^«-i -^1 • • . s/ f^i • • • f^« • (* H" ' ^=^ w 

18. Theorem. If /a, p = » = 1 m — 1, then 

p= ^ . ai a,i»_i -4^1 ^^ 

where /?^, (y=l.... m) is arbitrary. For, if we take the case where 
m — 1 = 3, we have for /Sj, j^g, ^s ^11 arbitrary, the identity 

Aai ag aa -4/?i ^2 /?8 p = A ^^i ^a2a8 -4/^2 /^s p — ^2 1^\ -^a« ^s ^A /^s p 

+ ^8 /ai ilo, ag il A A p — fidi Aa^ Og .4^1 /3g /?, 
Hence 

+ /?8 /ai J.a2 ag -4/3j /?2 p — -4ai a^ Og -4/3i /?2 i^* P 
Since /ai p = /agp = /ogp = ; therefore identically 
/ttj i^i /tti J^Ojag il/?2i3gp — lai^^loLiAoL^a^A^^ /^ap + lai^^TaiAa^as -4^ ^p = 
with two similar equations for ag, ag. Therefore, since /?j, /Sg, /i^g are arbitrary 
lai Aa^ ttg -4/3j ^3 p = ioti -^Oi ag -4/3i /Jg p = 'aj -4a, ag -4/?, /3g p=; 

or else, for any /3i, /S,, /?g, 

/aii4a,ag^/3i/3g/?g=0 
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This is impossible, hence 

p laiAa^a^A^i i^s A = — Aaid^as Afi^ P^^zf 

or p =^aiaja8^^i A/^a/^A 

where ^i^ ^^t Pst Pi ^^^ arbitrary. A similar proof holds for the general case. 
This calculus would enable us to produce a theory of all bilinear functions 
Q (a p), and thus the so-called algebras.^ 

19. Definition. A subregion^ consists of all hypercomplex numbers which 
can be expressed in the form a = a^pi + asps + • - • * + ^ipi wherein pi, py^, 
. . . ., p« are given, linearly independent, numbers of the range of the algebra. 

20. Theorem. An unlimited number of groups of m independent numbers 
can be found in a region of m dimensions.^ Any group is said to define 
the region. 

21. Definition. The calculus of these entities is called an algebra^ if it 
contains, besides addition, another kind of combination of its elements, called 
multiplication. The algebra is said to be of finite dimensions, when it depends 
on r' units, r being a finite number. Of late the term finite has been applied 
to algebras the range of whose coordinates consists of a finite number of 
elements. 

Multiplication is usually indicated by writing the numbers side by side, 
thus, aj3 or a./9. Upon the definition of multiplication depends the whole 
character of the algebra.^ The definition usually given is contained in the 
statements : 

^ r r r 

if a = 2 a^ 6| p=^ ^ b.Cj y ^=^ ^ c^^k then a. /3 = y 

i-i i-i *=i 

l....r 

if Cjfc = 2 . a< . bj . yijk (Aj = 1, 2 r) 

The constants y^j,, are called constants of multiplication. If multiplication 
is defined in this manner the algebra is called linear. The products a^. bj are 
defined for, and belong to, the range of coordinates. The constants of mul- 
tiplication also belong to the range, and their products into a^b^ are defined 
for, and belong to the range. Algebras whose constants are such that 
yj^ = y^j^ are called reciprocal. If y<^ = y^it , they are parastrophic. 

22. Theorem. If multiplication is defined as in § 21, then 

a.{P + y) = a.p + a.y (ol + p) .y = a.y + fi .y 

{a + P).{y+i) = a.y + a.S + p.y + p.S 
This is usually called the distributive law of multiplication and addition. An 
algebra may be linear without being distributive.^ 



i Whitshbad 1, p. Id8. >Cf. Whitshbad 1, p. 128. 'Of. Oibbb 3, Macfablaxs 4, Shaw 1. 

«Shaw 9. 6D10K8OV 7. 
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23. Definitions. In the product a /9, a is called the fa/dent^ or the left 
factor, or the pre/actor -j^ ^ is called the /acienrf/ or right factor, or post/actor.^ 
The latter names will be used in this memoir. 

If there is a number oq in the algebra, such that for every number of the 
algebra, a, a ao = a = (Xoa, then olq is called the modulus^ of the algebra. 

If we have aao = a OQadjpa we may call oo a poet-modulus. 

If we have aoa = a a.a^'JfLa we may call ao a pre-modulus. 

In defining an algebra, the existence of a modulus may or may not be 
assumed. When for all numbers a, ^, we have aj3 = j3a, the algebra is 
called commutative. 

When for any three numbers a, j3, y we have a . (/3 . y) = (a . ^) ^ y, 
the algebra is called associative.^ 

24. Theorem. If an algebra is linear, the product of any two numbers 
is known when the products of all the units are known. These products 
constitute the multiplication table of the algebra. 

25. Theorem. In an associative algebra the constants of multiplication 
satisfy the law 

r r 

26. Definitions. If a . a = a^ = a, then a is called idempotent. 

If tt"* = 0, m a positive integer, then a is called nilpotent, of order* m — 1. 
If a/? = 0, then a iB pre-nil/actorial to ^, which is post-ml/acturial to a. 
If a/? = = /3a, then a is nil/actorial to ^, and (i to a. 

27. Definition. The expression /. a /? is sometimes called the inner or 
direct prodtjU:t^' of a, /? and written a* /?. Further, the expression 

l...r 

Q (a^) = ^ aibj .CilcjO 

is called the dyadic of a fij and written a ^. It is thus an operator and not a 
product at all. The use of the term product in similar senses is quite common 
in the vector-analysis, but it would seem that it ought to be restricted to 
products which are of the same nature as the factors. Gibbs, however, insisted 
that any combination which was distributive over the coordinates of the factors 
was a product.^ 

There is no real difference between the theories of dyadics^ matrices^ linear 
vector operators^ bilinear forms j and linear homogeneous substitutions ^ so far as the 
abstract thfeory is concerned and without regard to the operand.® If we 

1 Hamiltom 1, B. Pbiros 8. •Tabbr 5. 

sScHEFFRRs 1, Studt 1, who calls it one (Eins), identifying it with scalar nnity. Some caU it Haapt. 
einlieit. Of. Shaw 1. 

« B. Peircb 3. s B. Pbirce 8. * Gibbs 3. ^ Gibbs 2. 

^Frobbnius 1, and any bibliography of matrices, bilinear forms, or linear homogeneous substitutions. 
Cf. Laurent 1, 2, 8, 4. See Chap. XXX this memoir. 
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denote the operator Q {a^) by ^, then the bilinear form Sc^^i y^ may be written 
I.f^a or /.(T^pi where $ (or ^') is called the conjugate^ the transverse^ or the 
transpose of ^. Besides the ordinary combination of these operators by 
^'multiplication" Stephanos^ defines two other modes of composition which 
may be indicated as follows in the notation developed above : 

(1) Bialtemaie composition in which 

^1 . ^ is equivalent to -^i- G^ If^Af*^ A^^ & ^ a" 

4>i . ^ . • • • ^, is equivalent to — ^i...., Ip'Ap'^ p^*^ A^i & 4>, a^*^ 

Ci...., indicates that the sum is to be taken over all terms produced by permut- 
ing in every way the subscripts on the 4)'s. 

(2) Conjunction, which corresponds to the multiplication of algebras, 
and is equivalent to taking ^i and ^2 on different independent grounds 
Ci ^n ^1 ^Hf whose products e<e/ define a new ground 

e^ = e^e'j (t = 1 r, y = 1 . . . . r') 

Thus 4>i X <^ = 2 "^ 2 cg> cg> e^ leu 

2. DEFINITIONS BY INDEPENDENT POSTULATES. 

28. Definition, Three definitions by postulates proved to be independent 
have been given by Dickson.^ The latest definition is as follows : 

A set of 72 ordered marks o^ .... a^ of jP (a field) will be called an n-tuple 
element a. The symbol a^=: {ai .... a^) employed is purely positional, with- 
out functiohal connotation. Its definition implies that a = & if and only if 

a^ = &j • • • • C^r ^~ ^r • 

A system of n-tuple elements a in connection with n' fixed marks y^ji, 
of F will be called a closed system if the following five postulates hold. 

Postulate I: If a and 6 are any two elements of the system, then 
8 z=i(jai + bi • • • ' ^r + K) is an element of the system. 

Definition : Addition of elements is defined by a e 6 = «. 

Postulate II: The element = (0 0) occurs in the system. 

Postulate III: If occurs, then to any element a of the system. corre- 
sponds an element a' of the system, such that a e a' = 0. 

Theorem : The system is a commutative group under ©. 

Postulate IV: If a and h are any two elements of the system, then 
p = (jpi i>r) is an element of the system, where 

l..r 

Pi= ^ aj hk yjki (i = 1 r) 

ik ^ ' 

Definition: Multiplication of elements is defined hj a ^bszp. 



1 Stbphahos 6. s Dickson 5, 8. 
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PoHttdate V: The fixed marks y satisfy the relations 

r r 

Theorem : Multiplication is associative and distributive. 

Postulate VI: If Tj r^ are marks of jPsuch that r^ai + . . . +Tya,.= 

for every element (a^ a,.) of the system^ then r^ = r^ = 0. [This 

postulate makes the system r dimensional']. 

Theorem : The system contains r elements 6< = {a^ a^X ^ = 1 ..•.!• 

such that I a^ I ^ 0. 

Theorem: Every r-dimensional system is a complex number system. 

Generalization: If the marks ai . . . . a^ belong to a field jF^; and if 

^ri + 1 • • • • ^n + rt belong to a field ^^ ! > ^^ & corresponding change is made 

in postulate V I ; if further y^^i = 0, when j\ k, i, belong to different sets of 
subscripts, then we have a closed system not belonging to a field F} 

3. DEFINITIONS IN TERMS OF LOGICAL CONSTANTS. 

29. This definition is recent, and due to Bertrand Russell. By logical 
constants is meant such terms as class ^ relation, transitive relation, asymmetric 
relation, whole and part, etc. Complex numbers are defined in connection 
with dimensions, or the study of geometry. The definition in its successive 
parts runs as follows : ^ 

30. Definition. By real number is meant any integer, rational fraction, 
or irrational number, defined by a sequence. These have been discussed 
previously, in the work referred to. 

A hypercomplex number is an aggregate of r one-many relations, the 
series of real numbers being correlated with the first r integers. Thus, to the 

r integers we correlate ai, a^ a^, all in the range of real numbers. This 

correlation is expressed by the form 

«£ ei + ag eg + . . . . +0, e^ 

The order of writing the terms may or may not be essential to the definition. 
The e indicates the correlation, thus ej is not a unit, but a mere symbol, the 
unit being 1^. The remaining definitions, addition, multiplication, etc may 
be easily introduced on this basis. 

Theorem : Hypercomplex numbers may be arranged in an r-dimensional 
series. 

31. A like logical definition may be given when the elements belong to 
any other range than that of '^ real '^ numbers. 

4. ALGEBRAIC DEFINITION. 

32. The preceding definitions are of entities essentially multiplex in 
character. The units either directly or implicitly are in evidence from the 

1 Of. Cabstsiib 1. s B. BU88BLI. 1, pp. 878-879. 
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beginning. It seems desirable to avoid this multiplicity idea, or implication, 
until the development itself forces it upon us. Historically this is what hap- 
pened in Quaternions. Originally quaternions were operators and their 
expressibility in terms of any independent four of their number was a matter 
of deduction, while Hamilton always resisted the coordinate view. The fol- 
lowing may be called the algebraic definition, since it follows the lines of 
certain algebraic developments. 

33. Definition. Let there be an assemblage of entities A^, either finite or 
transfinite, enumerable or non-enumerable; They are however well-defined, 
that is, distinguishable from one another. Further, let these entities be subject 
to processes of deduction or inference, such that from two entities, J^, Aj^ we 
deduce by one of these processes, passing from J.^ to J^, the entity Aj^; which 
we will indicate by the expression 

Ai OAj = J.jb {Ai, Aj any elements of the assemblage) 
A different process O would generally lead to a different entity Aj^; thus 

(These processes may be, for example, addition e, and multiplication 0). It is 
assumed that these processes and their combinations are fully defined by 
whatever postulates are necessary. Then the entities Ai and the processes 

0, (y are said to form a cdlculua^ and the assemblage of entities will be 

called a range. 

34. Definition. Let there be given a range and its calculus, and let us 
suppose the totality of expressions of the calculus are at hand. In certain of 
these, Miy i^. . . .if^, let us suppose the constituent entities A^^ Aj . . . . are 
held as fixed, and that we reduce the totality of expressions modulo these 
expressions M\ that is, wherever these expressions occur in any other expression, 
they are cancelled out. Then the calculus so taken modulo M is called an 
algebra. 

For example, let the range A be all rational numbers. Let the expres- 
sions if be r • ■ 1 \ 

Then an expression like 4 — 8 may be written 4i-|-4 + 4 — 8 = 4i; an 
expression like a* + 9 becomes a:* + 9 — (9 + 9/*) = »* — 9j^i which may be 
factored into {x + Sj) {x — Sj) or {x + Sj) {x + St;). 

In this maimer we have a calculus in which will always appear the 
elements i, j {or J and/^ as we might find by reductions). Modulo i+ 1 and 
y^ + 1, certain expressions become reducible, that is factorable, which other- 
wise cannot be factored. We call the expressions art, qcj\ xf^, in this case, 
where x is any rational number, negative numbers, imaginary numbers, and 
negative imaginary numbers. We consider i and / as qualitative units, although 
perhaps modtdar units would be a better term. 
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35. It is not assumed necessarily that there is but one entity Ai for any 
given expression, for we may have two expressions alike except as to the 
elements that enter them. Thus we might have 



-i^tii 



36. Definition. In any case we shall call the expressions M the defining 
expressions of the algebra, and the elements A^ (such as i, j) entering them the 
fundamental qualitative units. 

37. Postnlates: 

I. It is assumed that the processes of the calculus are associative. 
II. It is assumed that the processes which shall furnish the defining 
expressions shall be those called addition e, and multiplication •• 

III. It is assumed that the process 9, multiplication, is distributive as to the 
process ®, addition. That is 

A^ ® {Aj e Aj) = (^ ® 4,) e (^ ® Aj) 
{A^ e iljfc) ^ Ai = (4^ ® ^) e (Aj^ ® A^ 

38. The commutativity of multiplication is not assumed. Further, the 
general question of processes and their relations is discussed, so far as it bears 
on these topics, in XIII, hence will not be detailed here. 

It is evident according to this definition that an algebra may spring from 
an algebra. Hence the term is a relative one, and indeed we may call a cal- 
culus an algebra if we consider that the calculus is really taken modulo 

A^OA^ — Aj, A^ OAj — J.i, etc. . 

That is, the equalities or substitutions allowed in the calculus make it an 
algebra. The only calculus in fact there is, is the calculus of all entities 
A^^ Aj^ jijfc, etc., which permits no combinations, that is, no processes, at all. 

From -4j, -4^, we infer or derive nothing at all, not even zero. The calculus 

of symbolic logic is thus properly an algebra. 

Any definition of an algebra must reduce to this definition ultimately, 
for the multiplication-table itself is a set of r^ defining expressions. That is, 
we work modulo ^ 

r 

39. Definition. If the range of an algebra can be separated into r sub- 
ranges, each of which is a sub-group under the process of addition e ; so that 
an entity which is the sum of elements from each of the sub-ranges is not 
reducible to any entity which is a sum of elements from some only of the 
gub-ranges ; then the algebra is said to be (additively) r-dimensional. 

^Cf. Kronbckeu 1, where this view is very clearly the basis for commatative systems. 
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40. It is to be noted that an algebra may be r-dimensional and yet have 
in it r + ^ distinct qualitative units. Thus, ordinary positive and negative 
numbers form an algebra of two units but of only one dimension. Ordinary 
complex numbers contain four qualitative units, but form an algebra of two 
dimensions. 

The defining expressions determine the question of dimensionality. For 
example, let the defining expressions be 

6i + ef + 1 
whence we may add 

We have here two more defining expressions than are needed to define an 
algebra of six units, hence the algebra becomes four-dimensional. The 
problem of how many defining expressions are necessary to define an algebra 
of r units has never been generally solved even for such simple algebras us 
abstract groups. If the algebra is finite of order r, a maximum value for the 
number is r^. But a single expression may define an infinite algebra. 

Nothing, so far as known to the writer, has been done towards the study 
of these algebras of deficient dimensionality. 



{ 



n. THE CHAAACTERISTIC EQUATION OF A 



41. Theorem. Any number ^ in a finite linear associative algebra which 
contains a modulus, 6^, and whose coordinates range over all scalars, satisfies 
identically an equation of the form A' (^) = 0, and equally an equation of the 
form A" (^ = 0. In each case. A' (f ) or A'' (f ) is a polynomial in f of order r, 
the order of the algebra.^ 

The function A'. ^, called the pre-latent function^ off, has the form 



A'.^ = 






The function A'' . f , called the post-latent /unction^ of ^, has the form 

2 . Xi yn2 2 . Xi y2i2 ^o — ? • • • • 2 . ^i y^ig 



A",f = 



^•^iyur 2.x<y2i^ 2.a;<y^ir^o — ? 

1 The relation between this equation and the corresponding equation for matrices is so close that we 
may include in one set references to both: Catlbt 3; LagubrrbI; B. Pbircb 1,3; Fkobbnius 1,2; 
Sylvbstbr 1,2,3; Buchhbim 3; Schbffbrs 1,2,3; Wbtr 1,5,8; Tabbr 1,4; Pasch I ; Molibn 1; 
Cartan 2; Shaw 4. 

« Cf . Tabbr 1. 

2 
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In each case X stands for S . These functions may be expanded according to 
powers of ^, taking the forms 

A'^ ? = f *• - mi' f-^ + wij' f-« + {-y m'J 66 

In certain cases (viz., when the algebra is equivalent to its reciprocal) these 
two become identical. (The absence of a modulus does not add to the 
generality of the treatment.) These equations exist for all ranges of 
coordinates. 

42. Definition. The coefficients m\ and m'l are respectively the pre-scaJar 
and the post-scalar^ of ^^ multiplied by r; that is, if we designate the scalar 
of J by /S . f , we have 



^ r 



fHi 



// 



If we indicate S.^* hy Si, we have by well-known relations from the theory 

of algebraic equations 

rSi 1 

rS^ rSi 2 

rSs rS^ rSi 3 



i ! fWi = 



rS^i 
rSi 






. . . . i — 1 

. . . . ^ oi 



Theorem: The symbol S obeys the laws* 
JS{^ + a) = S^ + Sa S.a^ = aSi: 



(a, any scalar) S .e^^z 1 



43, Definition. The number 7^ f = f — S'. ^ is the pre-vector^ of ^, 
and the number y. f = <f — S". ^ is the post-vector^ of f. By substituting 
these for ^ in the identity for m^ in §42 we arrive at various interesting and 
useful formulae. 

44. Definition. If the two equations A'. ^ = 0, A'^ ^ = are not identical, 

the process of finding the highest common factor will lead to a new expression 

A . ^ which must vanish. When the two equations A^ ^ = 0, A''. ^ = are 

identical we may also have ^ satisfying an equation of lower order; let the 

lowest such be 

A.^ = 

This single equation is called the characteristic equation of ^, and A . ^ is the 
characteristic funetion of ^.^ [The pre-latent equation was called the identical 
eguaiion by Catley, charax^teristic by Fsobenius and Molien, and this lower 



^ Tabes 2, 8, 4, 5. Of. Fbobbnius 14, % 4. Fbobbxius called m^ the Spur of C* 

sTabbb 2, 8, 4, 5. > Of. Tabbb 2, 8. * See references to S41. 
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equation has been called '' Eanggleichung^* by Molien, '\GrundgIeichung ^^ by 
Wbyr, identical equation and fundamental equation by Taber, characteristic 
equation by Scheffers, and in some cases it is the redtu^ed characteristic 
equation.] 

45. Theorem. The characteristic function is a factor of the two latent 
functions.^ 

46. Definition. The order of the characteristic function being r'^ r, it may 
be written 

(^-fl^i^^ {^ — 9p^Yp 1^1 + + 1'P = ^ 

The scalars gi gp are the p distinct latent roots of ^. The exponents 

fii ^ are the p suh-muUiplicitiea of the roots of ^. The factor f — ^i ^ is 

the latent factor^ of the root gr^. 

Weierstrass called (^ — fl^i^o)> ^^^ powers, elementary factors {eltmen- 

tartheiler), particularly the powers: k^iJc i^i Ajj^i- See Muth 1 for 

references to this subject, or Weierstrass 1 ; Kronecker 2, 3, 4 ; Frobenius, 
Grelle 86, 88 ; Berliner Sitz-ber. 1890, 1894, 1896. 

47. Theorem. For a fixed integer i (i;^ % ^ jp), there is at least one solution, 
(T, ((T if: 0) for each of the equations 



A solution of the A^th equation is a solution of those that follow. If (X^j^t 
is a solution of the A;-th of these equations, then among the solutions of the 
A: + 1-th equation, which include the solutions of the previous equations, some 
are linearly independent of the entire set of solutions Cn^ of the k-th 
equation.® 

Theorem : The solutions of these equations for different values of i are 
linearly independent of each other.* 

48. Definition. The number 

Z = ( ^ — 9i^Y'' ' -(^— 9i-i ^Y^^ {^ — 9i-vi^Y^-^^' - "(? — yp^ )^p 

' {9i— 9iY" (fl^i— 9i-\Y^^ {9c-9wY^-^^ • • • • {9i— 9pY» 

is the t-th latent of ^; it corresponds to the root g^. There are thus p latents of ^. 

49. Theorems. The product of Zi and any number of the algebra is either 
zero or else it is a number in the region of solutions of the equations in §47.^ 
We may symbolize this by writing Zi{a\ = ]^i} The region ]^<} is called the 
i-th pre-latent region of ^. There are correspondingly post-latent regi(»is of ^. 

1 Tabek 1 ; Wetr 8 ; Molibn 1 ; Fbobbmius 14. * Tabbr 1 ; Whitehead 1. 

'TabbrI; WhitbhbadI; Cartan 2. ^TabbbI; Whitehead 1; Shaw 4. * Shaw 4. 
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The 'p latent regions of ^ together constitute the whole domain of the 
algebra.^ It is obvious that the Z's are such that if % dfij^ 

ZiZj=0 (Zi — e^Yi Zi=0 

50. Theorem.^ The p pre-(po8t-) latent regions are linearly independent, 
that is, mutually exclusive, and together define the ground of the algebra. 
Each latent factor annuls its own latent region but does not annul any part 
of any other latent region. The t-th pre-latent region may not contain the 
same numbers as the i-th post-latent region. The dimensions of the i-th pre- 
latent region are given by the exponent of the i-th latent factor as it appears 
in the pre-latent equation. The pre-latent equation contains as factors only 
the latent factors to multiplicities ii[^ such that 

2 iii=r 

Likewise the post-latent equation contains as factors only the latent factors to 
multiplicities fii'^ such that 

(4' Ifii (»=i ...-p) 

51. Theorem.^ The pre- (post)- latent region \^^\ contains fi^ sub-latent 
regions {^n}, {Sigf, . • • *, {S<Mif; where each sub-latent region includes those 
of lower order, say ]2i*} includes \Xikf\ if Id ^C^k. 

The region \^^\ is such that (^ — fl^i^o)* \^ik\ =0, but in \^^\ is at least 
one number a^^ for which (^ — g^ Cq)*""^ (To- :|: 0. 

52. Definition. For brevity let f — g^e^^Q^] then, in ]^j}, Qj'i annuls 
certain independent numbers which no lower power of 0^ annuls. Let these 
be Wix in number, represented by 

Of course any w^^ independent numbers linearly expressible in terms of these 
would answer as well to define this region, so that only the region is unique. 
Then each of these multiplied by Q^ gives a new set of u^i^ numbers independent 
of each other and of the first set. Let these be 

In general we shall have for the products by powers of 0^ a set of numbers 
linearly independent of each other, 

an c^i z=z c^i J ^ • * • ' '^^ ^ 

f*.fe.j-^.*+i Xe^l .... «»„ 

iTaber 1 ; Whitehead 1 ; Shaw 4. 

>Tabbr1; Whitehead 1; Shaw 4; WeyrS; Buchheim 3, 7, 9. 

> See preceding references. 
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The region made up of^ or defined by, these numbers will be called the first 
pre-^hear region^ of the i-th latent region. It may be represented by jXi^}. 
Let there be chosen now out of the numbers remaining in the t-th latent region, 
w^ linearly independent numbers which are annulled by that next lower power 
of 6if say (i^y which annuls these w^ numbers, but such that df^^^ does not 
annul them and such that df^B^^ does not annul any number which OJ'cb does 
not also annul. These numbers and their products by powers of di give rise 
to the second pre-shear region, (/t% -< ^») 

We proceed thus, separating the i-th latent region into C| shear regions, 

\Xi^\, , \XU\, containing respectively (/£< = fi^) ^i w^^, , fiia ^ch 

linearly independent numbers, with 

a 

There is a corresponding definition for the post-regions. 

53. Theorem.^ The pre- and the post-latent equations are (using accents 
as before to distinguish the two sets of numbers) 

n0i''^V<'^V=O y= 1 .... cl 

n0f-'>"0=:o y=i ....ci' 

54. Theorem. If all the roots gi vanish, ^ is a nilpotent, and for some 
power fi we have ^'* = 0. 

Further, for every number there are exponents (if, ftf', such that 

If ^ and a are of the same character,® (aa) then for any power hj^, ^'*'* a 
and a ^''k are nilpotent. 

The product may not be nilpotent if ^ is of character (a^) and a of 
character (/9 a). If the product is not nilpotent the algebra contains at least 
one quadrate. If an algebra contains no quadrates, ^'^k a and a^'^k are nilpotent 
for all values* of a and [ij^. 

55. Definitions. When the coeflScients in the pre-latent (post-latent) 
equation vanish in part so that 

^i = y > ^ — f^ 

then f is said to have vacuity^ of order [Iq. There are ^o zero-roots, and one 
or more solutions of the equations 

iShaw4 *Shaw4. 'See $59. «Cartan 2; Tabbr 4. (Stlvbbter 1 ; Tabbr 1. 
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The solutions of ^ cr = define the null-region of f . The number of inde- 
pendent numbers in this region (its dimensions) is the first nullity of ^^ say Jci. 
The h^ independent solutions of ^^cr = 0, ^cr ^^ 0, define the first sub-null- 
region of ^, of second nullity h^] proceeding thus we have^ 

The vacuity of course is given by the equation 

(Iq^ ki -j^ .... + A?^ 

The characteristic equation, it must be remembered, contains ^'^ as a factor ; 
the pre-latent equation ^'''% the post-latent ^''"*. The partitions of f4 which 
satisfy the inequalities above give all the possible ways in which the sub-nuU- 
regions can occur. 

56. Theorem.^ Each latent factor, ^{, is a number whose pre-latent (post- 
latent) equation will contain ^f', and whose characteristic equation will contain 
^f. The nullities of ^< are given by the equations 

Kit = ^li 

^M-ii = ^i« + ^^2i < = or 1 



hi = «?li + t^2i + + ti M?c,-li + *2 ^Cii tu <8 = or 1 

hi = ^li + ^2i+ + ^Cii 

The vacuity {il — ii^i w^^ + iii2^2i+ + f^ia^ai 

57. Theorem. The number ^ may be written ^ 

wherein the numbers Xi ^{ (t = 1 p) satisfy the following laws : 

x^ = x< x< x^ = if % ^ J 

Xi^j=o =%Xi if*+y 

Xi ^i = ^i = ^i Xi 

The numbers Xi and ^^ are all linearly independent and belong to the 
algebra, at least if we have coordinates ranging over the general scalar field. 

58. Theorem.* Let A« ^< -f + h^^,,.^ ^r*"^ = <bi] then if F{x) 

is any analytic function of x, F' (x) its derivatives, 



iStlvbstebS; Taber 1 ; BuCHHBiif9; Wuitbuead 1. 

»§62, 8 Study 6; Shaw 7. * 8 haw 7. Cf. Tabbr 1 ; Stlvbstbr 9. 
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59. Theorem. The different numbers of the algebra will yield a set of 
idempotent expressions Cj .... c^, such that id d^j, t,y = 1 . . . . a 

and hence the numbers of the algebra may be divided into classes {Z^^}, such 
that if ^ap is in the class \Z^p\, then 

The subscripts a, /? are the characters^ (pre- and post- resp.) of ^^p. In this 
and similar expressions ^^-y = when a: i^: y, ^^y = 1 when a = y. 

60. Theorem. The product of ^.^ and ^^a is given (when it does not vanish 
on account of properties not dependent on the characters) by the equation^ 

The numbers ^.. form a sub-algebra, (a = 1, , a). 

61. Theorem. Let the characteristic equation of ^ have q — 1 distinct roots 
which are not zero, and let v — 1 be the lowest power of f in this equation. 
Then if 

we have' 

g-l q-l 

62. Theorem.* If Cq ± 2 ac^, then e^ = 2 Xi + Xq, where Xq belongs to 
the root zero and 



« -n L-^"' 



Theorem : It also follows, that, if 

then -F< ^ = Xi 

63. The use of the two sets of idempotents of f, the pre- and the post-, 
enables us to find partial moduli, which are not necessarily invariant, and the 
modulus, which is invariant. 

For example, let us have the algebra 





«! 


«8 


^ 


«! 


Cl 








«J 





<^ 


ez 


Cs 


«8 









Then ^^ ==: ^ + ^ 



»8cnEFFEit8 1, 2, 8; Cabtan 3; Hawkbs 1; Shaw 4. Cf. B. Pbibce 1, 3. Frobbnius 14. 

» See references to S 59. » Tabbr 4. * Tabeb 4. 
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If we put ? = ^1 + ^, we find 

? (^1 + <?8) = (^1 + O ? . es = ? . eg = 

hence the characteristic equation (f — ^q) f = 0, and by §§61, 62, 

These determine the same algebra (in the sense of invariant equivalence) 

I *i ^ ^ 



«1 


«1 








«« 





»! 


«8 


«il 


«8 









and the partial moduli are not the same as before, being ej, 6^ in one case, 
^1+^8; ^ — ^ i^ the other. 

64. Theorem. If ^i is any number in the t-th pre- (post-) region of ^, and 
if a is any number of the algebra, then ^^ a {a ^<) is a number wholly in the 
t-th pre- (post-) region.^ Consequently the numbers in the i-th pre- (post-) 
region form a sub-algebra. 

65. Theorem. Let the numbers defining the t-th post-latent region of ^ be 
^^*ti where 

We have of course 

Kit • ^i — S«t + 1 

so that 

Then by § 64 the product of any number a gives 

" • s«l •" ^ • **ur stir 

Hence when these coefficients a are known we know the product of a into 
any number of the form ]^{\j for 

" • S«fc — ^ •^uv ^tii? + t-l 

where^ fSWt-i ^^^* '^^ ^ero if t; + < — 1 ^ (lik- 

66. Theorem. If r is any number of the algebra which satisfies the equation 
r . 0<'= 0, where r . 0,*"^ if: 0; then r must be in the region (§ 13) 2Ji, and 
in no lower region.^ 

67. Theorem. If r is any number of the algebra, and if Cig lies in the 
region 2Vii hut in no lower region, then Tcr^g lies at most in the region X'^f 
and may lie wholly in lower regions.* 

1 Shaw 4. «8uaw4. » Shaw 4. * Shaw 4. 
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68. Theorem. Let 2" be the region to which . $^*'ii~^^ reduces the whole 
t-th post-latent region, and generally 2** be the region to which . G^'^n^'^ reduces 
the latent region. Then if t is any number of the algebra, and c** any number 
of the region 2**, then 

Tcr" = '(T**, a number of the region 2** or lower regions.^ 

68. Theorem. Ifa^ is a number common to both regions 2^ and Xa, then 
T . (r{J = '(T|t, a number in the same regions.* 

70. Theorem. Let 

Sl^ be the region ] Jfif, (« = 1 w^) 

then Sl = Si^_a-^i belongs to the regions 2*'''ii-*+^ and 2<.^^-a + i. Then if t 
is any number, r . Sl= \St^ Sl^ } for all values of t subject to 

the conditions 

ait) > a j(t) < J a^t) + lit)-^^ 1 

This may also be expressed in the following statement : 

where y<^jk, and ^^ belongs to /S'J^-y+i, and ^g belongs to S^^^t+i^ 

Hence 

y>t liik — ytiiii—t 

that is 

y>t + n^ — li^ 

Or finally,' if (i^^ < (i^y then fii^^y^t 

if t^ik>l^ijf then (jii^>y>t+iiuc — iiij 

It is to be remembered also that 

^my^^zy — l^ ^^ ^aty — t + l 

It is evident that the products into ^{^ determine all the other products. 

71. Theorem. Since the units of the algebra may be the numbers ^^, as 
these are mutually independent and r in number, it follows that among the n' 
constants of the algebra, y, which the coeflScients a reduce to in this case, there 
are many which vanish and many which are equal. The units may be so 
chosen in any algebra that the corresponding constants y become subject to 
the equations for the coefficients a in §70 [but this choice may introduce 
irrational transformations]. 

1 Shaw 4. > Shaw 4. 'Shaw 4. 
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72. Theorem. Since the idempotents for ^^ viz., xi, x^f Xp, may be 

used as prc-inultipliers as well as post-multipliers, the units ^^^ and therefore 
all units, may be separated into parts according to the products 

«. • ^ii (a = 1 p) 

As these parts are linearly independent, and as the i-th region is defined 
already by the units ^{\, it follows that the independent units derived by this 
pre-multiplication must also define the region, and as the shear regions were 
unique, their number for each shear remains the same as before. We may 
use a new notation, then, indicating the pre- as well as the post-character of f, 
and at the same time uniting y and a into a single subscript, thus the units are 

where 

73. Theorem. Let us return to the equation in § 70, in the new notation, 

^ • Slit — ^ **»v s«w 

If r is confined to expressions belonging to the region {^i;}, then letting t" 
be any such number, 

'tr • ^^ui = 2 all •^:i + 2 all ^^iy 
If we let 

then 

Tj" . (rj* = 2 a%l z;* "^;, + terms for which y > 1 

Hence if we let tJ* be in turn each unit "^^ in this region, we shall find 
from Gi* by the process used in the beginning of the problem, certain numbers 
idempotent so far as this region is concerned, and which will be linearly 
expressible in terms of *^Ji. These new x's are linearly independent and 
commutable with x^^ since, if xl is one of ihem, x^xl=^ xl = xix^. Hence 
x« must be the sum of them. We might therefore have chosen for ^ a number 
which would have had these idempotents, and we may suppose that the 
number ^ has been so chosen that no farther subdivision of the idempotents 
is possible.^ 

74. Theorem, It is evident that, as the expressions in the i-th latent region 
of ^ form a sub-algebra, we may choose one of them ^{ just as we choose ^, 

1 Of. MOLIBN 1. 
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and usiiig it as a post-multiplier, divide this i-ih latent region itself into sub- 
regions corresponding to the latent regions of ^i in {f<}. Each such sub-region 
becomes a sub-algebra. We may evidently so proceed subdividing the whole 
algebra into sub-regions until ultimately no sub-region contains any number 
which used as pre-multiplier has more than one root for that sub-region. 
This root may then be taken as zero or unity. If then the sub-region be 
represented by cTi, (T2 . • <t^/, we have for every number 

• • ■ 

ra := gr + r' t' a = g r' + r" 



^(h-l) ^—g ^(h-1) _j_ y(h) ^(W ^ _ g^W 

Hence if X( is the partial modulus for this region defined by 

ffh _ hga''-^ + ^J^ *^ (fa'*-'- .... + (— f-' ^"-i a 

we must have (T = gr^i + 3^^ -|- other terms whose post-product by r is zero. 

Multiplying every number then by Xi . () we arrive at a sub-sub-region 
which gives a sub-algebra whose modulus is Xi, and such that if a is its 
character, every number in it has the character 

(a a) 

This algebra is a Peirgb algebra. Its structure will be studied later. The 
Peirgb algebra is the ultimate subdivision by this method of the algebra in 
general and its structure really determines the main features of the structure 
of the general algebra. 

75. An algebra may contain an infinity of units, in which case it may 
not have an equation at all. Thus the algebra may have for units 

>, 4t gt « p r >> r+1 

Ca C/| C?| •••••• Oj c? I •«•••■ 

00 

SO that p = 2 «« 6< 



<=o 



It may very well happen then that per = <(r has no solution. The theory 
of such algebras will be developed in a later paper. 

76. Theorem. Let the general equation of a number ^ be 
Let us put ^ — mj ^-f (T = 0. Then we may eliminate ^ from these two 
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equations, by using determinants, arriving at an equation in terms of <r of 
order r. Thus we have 
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1 





1 

nil 

1 





+ »»2 

— m, 

<r 

1 



wig 




m, 



(- 
(- 



l)'-'»»r-l (-)'»», 




























WJ, 







= 



or 



1 — ffii + Wj 
1 — »nj 

<r — fWg 



• • • • 



• ■ • • 






<r — «ij fit. 


— m^ .... 


<y — Wj 


w, . . . . 


1 — m, 


a 


1 


— »i, . . . . 



The highest powers of this equation are 

a"" — 2m^ a""-^ + =0 

Hence the sum of the roots of (X is 2m.. 

n. Theorem. In general if ^'^ — m^ ^'"^ + + ( — !)• cr, = 0, we find 

in the same manner a determinant of order r + 8^ reducing to one of order 
r in (Tg, the first two terms becoming 

(Tj — am^ cj "" ^ + • • • =0 
Hence for any such number 

we have the sum of the roots of a^ equal to sm^. Hence the a-th scalar coefficient 
m^ of ^ is 1 into the scalar coefficient of order unity of ( — )*~* f;t^'^ (0 J o' 

78. Theorem. We may also find the general equations of the a's^ and in a 
similar way of the ;t's. 

79. Theorem. In this way one may form the equations of powers of ^^ or 
of any polynomial in ^. 

80. Theorem. Let there be formed for any number p^ the products 

^i (t = 1 r) 

The Ci form the basis and are orthogonal. Then we have (p — gr) cr = 0, when 

r 

2 . 1 .e^ (pej) I . CjO =: g I . CiO (t = 1 r) 
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Hence 



7.^1 {p€j) — g /.Ci(peg) 



= 



or 

r r 

This, however, must correspond to the general pre-latent equation of p, and 
therefore 

r r 

w( = 2 . / . ^i (pe<) Wg = 2 . /. e< J-e. -4(pe<) (pe.) etc. 

81. Theorem. We have at once 

r 
r 

:= 2 . ^ . e^ Ac (p6|) 

Therefore 

2! WjJ = 2 . /. c^ (p . x'^k) = 2/. e^ (pe^) /. e^ Ae^ Ae,, (pej 

= 2 . / . (pe,) e* J. c* il(pe,) 4c, e* 
= 2 . / . (p«,) -4.(p«,) -de, e, 
= 2 . /. ej^c, i4(p«,) (pc,) 

Since ;u" . <t = (fn, — p . j(f)a, we have 

X!'.a = l, A. c, e, 4<t (pc,) (pe^) 

In general, we find '^ 

X^*^' <T = 2 . 4«i e, . . . . e, J<r(pej) (pe,) .... (pc,) 

82. Theorem. If we use the notation of the ^-pairs, these become 

fo = (pO t' ^o 

In this form, the independence of the expressions m and j(, from any particular 
unit-system is shown. 

83. Theorem. Let us write further 

m' (p„ ps p.) = — 1^ /^, A^s ^bA{pi Q (pj Q (p. Q 

Then, from the properties of the ^s, this form will reduce to 
♦»'(pi, • • • , p.) = ^j im'i (p,) mi (pi).. -mi (p.) 

— 2 . «l{(p,)(OTi(pj)....»l,'(p,_,p.)+ ....] 
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according to the rule: Insert mi before every selection of p's taken according 
to the partitions of s, giving each term of « — h factors the sign ( — )\ and 
writing in each factor the product of the p's in every order possible when the 
p of lowest subscript is kept first in the product. For example^ if 8=1 3, we 
have the partitions 3 = 1 + 1+1 = 1 + 2=3. Hence, 

^' (Pii ps, ps) = 3I [^1 (pi) ^1 (ps) ^i (pa) 

— m[ (pi) m[ (p2 Ps) — m[ (p^) mi (pi pa) — wj (ps) mi (p, p^) 

+ W(piP2p8 + pipapj)] 
We note that 

^' (pa P/> pe P/) = ^' (P/ prt Pft Pe) 

If ^ = r + 1, this form must vanish identically. 

84. Theorem. If we put 

Xipl P») ^ = ,1 ^ • ^1 ?* ^ <^ (pi Cl) (pJ! Q — {psQ 

o ■ 

then, if xi stands for [x (pi)] (<t), a^is for [x (pi P«)] <^i etc., 

xipi •••• p.)<^ = jDKi-a:2 ••• x»{^)—'^-xi-Xi---7c-\.»(<^) + — ] 

The rule is the same as for the preceding expression of tn', thus 

X (pi; P2» Pa) • <^ = 31 [Xi 'X^X'^ (<^) 

— X\ X^^B (<y) — X2Xib{<J)- Xn X12 (<y) + (Zigs + Zizt) <t} 

85. Theorem. If w^^, ^, . . . . , ^ is the function X •t/i' g^ - "9i 9 summation 
over all permutations of 1, 2 .... t, then 

^a,, ^...^ = /?! ^?2. . • •?( ^ (p"^ ?i) Cp*' ^O- • • -(p^'ft) 

86. These numbers m and functions x ^^^ called invariants of p, or of 

Pi> P'i f ^^ ^he case may be, since they do not depend on any particular 

system of units. It is obvious that any function of pi, p^ • . • • pt, containing 
only ^-pairs, is an invariant^ in this sense. 

87. Theorem, If p a = 0, then ;k' . a = ?Wi a, p ;g' . a = tWi p a = 

;^" . a = rwo a 
X^"^ . a = fw, . a 
In general, if p a = gr a, then 

;|r . a = (iwi — (/) a x^'^ . a = (w, — w,_, g + iflT) a 

If pai = ga^ + (u pa^^goo 

X^"^ . tti = (m, — 7?i,_i flf + . . . . it (/*) tti — (m,_i — wi,_o gr ^Fflf^'O «« ' 

Similar results may be found for the other latent regions of p. 

1 Of. M*AULAT L 
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m. THE GHABACTEBISTIG EQUATIONS OF THE ALGEBRA. 

88. Theorem. Of the units taken to define the algebra in the preceding 

chapter, certain ones will be of pre-character a, post-character /?. Let the 

number of such be represented by n^p . Then the total number of those of 

post-character /? will be 

Tip = riifi + n^fi +....+ Upp 

The number of pre-character a will be 

89. Theorem. We may state the general multiplication theorem again in 
the following form, ^ being any number : 

where 

In this equation each coefficient a is a linear homogeneous function of certain of 
the coordinates a of ^, namely those of type aJJ^"^ where *^*^ combines with 
*^iA; without vanishing. 

90. Theorem. If we multiply ^ into each unit, and form the equations 
resulting from the pre-latent equation^ of ^, say A' . ^ = 0, we have at once, 
because the units have been chosen for the post-regions of a certain number ^, 

The orders of these determinant factors are n^, n!^ .... n^, their sum 
being equal to r. 

91. Theorem. An examination of the determinant Ai shows that it may 
be divided into blocks by horizontal and vertical lines, which separate the 
different units *^ii, *^i2, .... according to the power of di which produces the 
units, the order being 

SUl • • • • SUMfi 

There are fin columns and rows of blocks. But, from the properties of the 
coefficients a, the constituents in the first block on the diagonal are the only 
constituents in any block on the diagonal. Hence we may write ^ 

A( = A;r*i A4^« . . . • A{e^ te^ 

92. Theorem. The determinants A^, «= 1 c^, are irreducible in the 

coordinates of ^, so long as ^ is any number. For, if one of these determinants 
were reducible, then the original separation by idempotents could have been 
pushed farther — as this separation was assumed to be ultimate no farther 
reduction is possible.' 

lOn the general equation see Study 2, 8; Sforza 1, 3; Schbffbrb 1, 2, 8; Molibn 1; Cabtan 2; 
Shaw 4; Tabek4; Fkobbmius 14. 

* Shaw 4. Of. Cabtan 2. s Cf. Cabtan 2. 
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93. Theorem. Confining the attention to Aii,^ let the units *^j| whose pro- 
ducts by ^ give A^, be A in number, with the pre-characters a= 1, — •,/, 
f'ih. The coordinates x appearing in the coeflScients a, must be of the form 
^(ai<4)^ It follows that if ^ be chosen so that all coordinates x not of these 
characters (ai a^^ a^, a2= 1 • • • • /^ are zero, then the value of ^ will not 
be affected. The aggregate of such numbers, however, obviously constitute a 

subalgebra which includes x., a = 1 /. These numbers, say f****, when 

multiplied together yield a pre-latent equation h^ = 0, which must be a power 
of A^, and therefore irreducible. It follows that if we treat this subalgebra 
as we have the general case, we shall find but one shear making up the whole 
of each latent region. Consequently the units of this algebra take the form 

They may be so chosen that 

The partial moduli are evidently ^ 

««i., («!=! /) 

94. Theorem. Since any unit *^^ may be written e^ "f ' it follows that no 
expression e^^*^^ can vanish, else 

Hence if there is one unit *^^, there are all the units* 

e.,r^' = ^'^' (a,= l ..../) 

95. Theorem. The units of the algebra may therefore be represented by 
the symbols 

AS) g pik) 
^•H ^fiy ^y6 

where the numbers e^^ and e^^ are such that 

(i) (*) _ ^ ;^ (j) 

The numbers e^ form an algebra by themselves, such that its equation consists 
of linear factors only,® as 

96« Definition. An algebra whose equation contains only linear factors 
will be called a Scheffers algebra. If, further, it contains but one linear 
factor, it will be called a Peirce algebra. If it contains factors of orders 
higher than unity, it will be called a Cartan algebra. An algebra consisting 
of units of the type eiJ^ only, will be called a Dederind algebra.* The degree 
of an algebra is the order of its characteristic equation in ^. 

1 MoLiBx 1 (arspruDglicbe systeme}; Cartam 1, 2; Shaw 4; Fkobbniub 14. 
9 Cartan 2 ; Frobbnius 14. 

'Cartan 1, 2. Od the ** maltiplication " of algebras by each other, see Cliffords; Tarbk 1- 
SoHBFFBRs 3. Cf. Taber 4; IIawkbs 1, 2; Frobbnius 14. 

^On classification see Schbpfbrs 8, 4; Molien 1, 2, 3; Cartan 1, 2; Shaw 4; B. Peircb, 1, 8. 
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97. Theorem. Let the algebra be of the Scheffer's type. The irreducible 
factors of its pre-latent equation are all linear ; hence in the latent post-region 
of any root of i^, the shears are of width unity only. The units defining the 
i-th region become 

The product of ^ into any unit is ^ 

where 

K — hlO fipf — ky^kf — Jc^iipy— [i^f f ^J if y = k 

98. Theorem. If we remove from this algebra all idempotent units, the 
remaining units form a nilpotent algebra of r — p dimensions. The equation 
A' ^ = reduces in this case to a determinant whose constituents on the 
diagonal and to the right of the diagonal all vanish, hence it is evident that 
the product of any two of its numbers is expressible in terms of at most 

r — p — 1 numbers. Let the original units be ^p+i, ^p+g ^r» Then the 

products ^ti^t, ^o not contain a certain region defined by a set of units 

^p+i ^p+hi (*i 1> 0) 

The products of these hi units (which constitute the region €iy let us say,) 
among themselves and with any other units, are linearly expressible in terms of 

♦p+hi+t (< = 1 r — p — hi) 

Similarly any product ^^ ^e, ^t, ^^^ ^^^ contain a region b^ , defined by 

Hence {fif-lcg}, jfgf.jfi}, and {fsf-l^g} ^^P^i^d only on ^p+e, '>^i + Ai. 
Proceeding thus, it is evident the domain of the nilpotent algebra may be 
separated into regions defined by classes of units which give products of the 
form 

In particular, the units of the Scheflfer's nilpotent algebra may always be 
chosen so that, if they are )7«, rij . . . ., then 

>7i >7j = 2 yijk Vk (* > », Aj >y) 

It is also evident that for any r — p+1 numbers ^^ we have 

The* products of order I form a sub-algebra of order r', 

r'<r— Z+2 



1 Shaw 4, 5. >ScHKFFKBa 8; Cabtan2; Shaw 5; FROBBKiua 14. 
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99. Theorem. In any Cartan algebra the units may be so taken as to be 

represented by 

e^^ft (» = 1 . . , . 2> a, /3 = 1 . . . . tOi) 

yi^l?k (»iy = 1 P a, i^ = 1 ti7«) 

The laws of multiplication ^ are 

100. Theorem. Returning to the Scheffers algebra, if we retain only its 
nilpotent sub-algebra and the modulus, we shall have a Peirce algebra. The 
equation of this algebra will contain but a single factor and the pre- and post- 
characters of its units may be assumed to be the same. The nilpotent becomes 

the sum of the nil po tents Oi + O^ + ^p- ^be product of ^ into any unit 

may be written* 

101. Theorem. Let the characteristic equation of any number be 

^-/i.?'^-^ + ....+ (-r/m = {fn<r) 

where /^ is a homogeneous function of the coordinates of order i. Differen- 
tiating this equation, and remembering that d^ is any number, we arrive at m 
general equations connecting 1, 2, , m numbers of the algebra: as 

(fr-'^E^a + ••••) — etc- = 

These equations are the second, third, etc. derived equations of the algebra, 
according as they contain two, three, etc., independent numbers ^i, ^^i, 
etc. These equations lead to many others when the scalars of ^ are intro- 
duced.' The new coefficients /<(^oi....^a<) will be called the scalar charac- 
teristic coefficients of order i for ^^^ f^. They usually differ from the 

coefficients m. 

102. Theorem. The general equation of r numbers of the algebra of order r 
is written (S representing the sum of the r ! terms got by permuting all the 
subscripts) 

2(^1 ^2 ^3 • • • fr) — 2(Wi ^1 • ^2 ^8 • • • ^r) + ^{p^% (^1, ^2) • ?8 • • • ^r) • • • 



1 Cabtan 3. tSHAT? 4, 5. sTabbh, 2, 8. Shaw 4. 



THB CHARACTERISTIC EQUATIONS OF THE ALQBBRA 



39 



In this equation, omitting the subscript 1, so that m = mi 

♦"2 (?0 Q = W» ft . OT^j — OT f, ^, = OT, {^j, f,) 

"»8 (?i, ^j, Q = "»?{. m^j • m^k — m^i - m^} ?* — ♦nfj • m^t^k 

— »»f* ■ m^i ^j + OT^, <, f* + m^iKk^i 
= "^s (ft, f*, Q = Wg ( f,, f*, f,) 
= mfi . OT, (f^, f*) + OTf, . OTg (f,, ffc) + mf* . m, (f„ ^) 

— 2mfj . OTf, . mf* + OTf, f; f* + mfj ft f; 

These forniulsa follow from the identities 

«'"» (^i , ^1 • • • ^i) = *"i [»». - 1 (^i, ^1 • • • ^i) • 4>i — ♦"«-8 (<?»i • • • ^i) • ^1 

+ ... + (- 1)'-^ m^ (^1 ti) . 4>r' + (- 1)' »ni ^1 . ^-' + (— 1)*+^ tl] 
and 

*"» (^1 • • • 4>i • • • ^j • • • ^») = *"« (^1 • • • ♦j • • • ^i • • • ♦») 

We arrive at the formulae directly by differentiating 

OT4>i 1 



3 



• • 



», J zi: 1 . . . # 



« • '^B {^19 ^l 4>l) = 



OT^f 


m^i 


2 


OT^J 


m^\ 


OT<^1 


• • • 

OT4»r' 


• • • 

OT^r* 


• • • 

OT^J-» 


m\ 


OT<^J-' 


m^\-^ 



8—\ 



103. Theorem. A study of the structure of all algebras of the Scheffers 
type gives us the structure of all algebras of the Cartan type, as we may pro- 
duce any Cartan algebra by substituting for each partial modulus of the 
Scheffers type a quadrate, and then substitute for each unit of the algebra a 
sub-algebra consisting of the product of this unit by the two quadrates which 
correspond to its characters.^ 

104. Theorem. Each Scheffers algebra may be deduced from a Peirce 
algebra by breaking the modulus up into partial moduli, accompanied by 
corresponding separations of the units. For, if all partial moduli of a Scheffers 
algebra are deleted from the algebra, leaving only the modulus, and a set of 
nilpotent units, we have a Peirce algebra. Any Peirce algebra may be con- 
sidered to have been produced in this manner, so that to any Scheffers algebra 
corresponds a Peirce algebra, and to any Peirce algebra correspond a number 
of Scheffers algebras. 

105. Theorem. If the characteristic function of an algebra be 

Af» Aji>=:0 

wherein A^ is a determinant in which ^, the general number of the algebra, 
occurs only on the diagonal, and the other constituents are linear homogeneous 
functions of the coordinates of ^, and if we substitute for ^ where it occurs 'J/, 



1 Cahtan 3. Of. MoLiKN 1 ; Shaw 4. 
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any arbitrary number of the algebra, then the reBulting expression may be 
written G (ij/) = Af' ('4^) ^ ('4^) A^p (4")- This expression will vanish only for 

wherein K^t^^ has the meaning given in part II, chapter XIX, art. 3. 
Thus the algebra whose characteristic equation is 



gives the expression 



(a:'i.o-0 = 



K-i^)=^W 



»io ^u — -4^ 

This expression vanishes when and only when '^ =^qi, Jf^qu ^^ 9s> wherein 

J^qi = x^^ + Obo'^n + a\)IXa + x^^X^ 

That is, the expression is factorable into (4^ — ft) (^ — -ffji) ('J' — ft). 
As a corollary, the expression 



^10 



a,! — d 



• • • • 



«Oii-l 



18 factorable in tlie matric range of qi^ Kqi .... Jf"* g^j. 



IV, ASSOCIATIVE UNITS- 

106. Definition. The multiplication formula in § 100 may be used to intro- 
duce certain useful new conceptions. It reads 

Let us consider an algebra made up of units which will be called aeaociatit>e 
units, represented by X^^t, such that 

where 

c= 1 if (li^Jc I (li — (ij, Aj > % >y if A; = 

c = if ;i£| ^ ^<^l^i — f^j' 

Since there is a modulus Cq, and since ^j,f,, = ^r^/^o, every unit ^y is expressible 
as a sum of these units X^^^ niultiplied by proper coefficients, and every number 
^ is expressible as a sum of the units with proper coefficients. Hence, we may 
express ^ in the form 

(li^k^fii — fij k^O i >y when Aj = 
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The Peirce algebra is expressible therefore as a sub-algebra of the 
algebra of the associative units whose laws of multiplication ^ are 

where 

Ui^h ^Hi — hj h^Q % >/ when Aj = 

H^y^hf^li^ — liy Td^O t>/when A/= 

0=1 if ^<>A:+A/>^< — ^^ h + Td^O t >/ when &+ A/= 
= \i (lil A; + A/<^< — /t/^ 

107. Definition. An expression of an algebra in terms of associative units 
will be called a canonical expression. In many cases the associative units are 
the units of the algebra, in part at least, but the units of the algebra will 
frequently occur as irreducible sums of these units with certain parametric 
coefficients. This theorem extends C. S. Peirce's theorem that every linear 
associative algebra is a sub-algebra of a quadrate ^ of order r^. 

108. Theorem. The Scheffers algebras derived from this Peirce algebra 
have partial moduli of the form 

When each partial modulus e^ is of the form ^l^ioy ^he Scheffers algebra coincides 
with the algebra of which the Peirce algebra is a sub-algebra. Such Scheffers 
algebras will be called primary algebras. The units in any Scheffers algebra 
are separable into classes according to their characters, those of character j 
having in their expression units >l of the type 

109. Definition. The units of a Scheffers algebra are separable into those 
of characters, (oa), and those of characters (aj3), a ^ j3. Those of characters 
(aa) constitute the direct units. Those of characters (a^) are the ekew units.® 

110. Theorem. The pre-latent (post-latent) equation must contain the 
factor (a^^ — ^) to that power which is the sum of the multiplicities belonging 
to i: 

The characteristic equation will contain (a^o — ^) to that power which equals 
the maximum multiplicity^ ii^\ 

111. Theorem. A Cartan algebra will have for a canonical expression 
where the units >l and 7J are independent of each other. 

iShaw 4, 5. *C. S. Pbircb 1, 4. •Sghbffbbs 8. ^SoBxmBtt; 
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112. Theorem. We may obviously combine these forms into still more 
compound expressions as 

Such numbers are evidently associative, and could be considered to be the 
symbolic product of algebras with only one X. 

113. Theorem. Returning to the equations of the algebra §108, we see 
they evidently depend on those associative units which are of weight zero. 
The equations are 

characteristic : = A . ^ = Af " AJ" Aj^pi 

p 

prelatent : = A'. ^ = 11 . Aj^=^ 

p 

post-latent : * = A". ^ = H . A«^=* 

114. Theorem. The number Ai (^) can not contain any associative unit of 
the form >l^jjOi where the constituents of A| are of the form* ci^^^f 
jTi = 1 grj. The factor A, (^ is the f-th shear factor of ^. 

115. Theorem. The product Ai ^ . A^ ^ can not contain any associative 
unit of the for*n X^ijiO; or T^^^q- The theorem may be extended to the 
product of any number of shear factors.* 

116. Theorem. The product (Ai^*" can not contain any associative unit 
of the forms 

117. Theorem. The third subscript in Tl^j^^ Ic, is called the weight of X. 
Every number ^ may be written in the form 

^= ^(«) + ^(^) + . . . . + ^^~> a > 0, 6 >a 

The weight of ^ is the weight a of its lowest term. The weight of the product 
of two numbers is the sum of their weights. 

118. Theorem. The terms ^^^^ constitute an algebra. This may be called 
a companion algebra, and may or may not be a sub- algebra of the given 
algebra.® The quadrate units of an algebra evidently belong also to the 
companion algebra. 

119. Theorem. To every transformation of the units of a companion alge- 
bra corresponds a transformation of the units of the given algebra. Hence 

» Cabtan 2. » Shaw 4. 

s Of. MoLiSN 1. «*Begleiteiide^* systexuB include IheBe comf anion algebraB, and may or may not be sub. 
algebraa of the giyen algebra. 
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the ^^® terms may always be taken according to the simplest form for the 
companion algebra.^ 

120. Theorem. If the general equation of an algebra is 

»• ''3 

and if when ^ = 2 a,e< we put v = 2 . e,^ — , then v • ^3 = gives r equa- 

tions, not necessarily independent, from which the r coordinates may be 
expressed linearly in terms of Vi arbitrary numbers. These determine the 
nilpotent system ; or from the r — ri coordinates which vanish, the Dedekind 
sub-algebra.* 

- 121. Theorem. Since V = ^ ^? V» a^d /^v • p = ?i therefore 
But / . f 1 (^, f 1) = wix (f2)> therefore we have 



This can vanish only if 



Again, 



V ^1 (p) = ?2 ^1 (^2) 
iwi (e,) = 



1 = 1 . . . . r 



hence 



V fn, (p) = i:, /^, ^?. ^ [(^, ^x) (K.) - (?s ^«) (Pfi)] 



= % 



= 2 2ct 
(-1 






r 

2 2 «5, [wi (e,) . wjj (p) — OTj . (e, p)] 



This vanishes if, and only if, 



or 



/^l(^i^l)/^2(p?2)-/?3(^iP^2)=0 



2 xj\m^{ei)mi{ej)— m^ (cie^)} = 



» = 1 . . . . r 



»= 1 .... r 



These are the equations referred to in §120. The method used here has an 
obvious extension. 



1 Of. Shaw 5. 



s Cabtah 8. 
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V. SUB-ALGEBRAS. BEDUGIBIIiITT. DELEIIOK. 

122. DefinitioiL A sub-algebra consists of the totality of numbers ^ such 

that 

f = Xxi «! » = 1 . . . . Wy ff^ r 

for which* 

?i ?2 = 2 . x[x'l y^* e^ i, y, * = 1 r' 

123. Theorem. In a Scheffers algebra all units with like pre- and post- 
character (aa) define a Peirce sub-algebra.' 

124. Theorem. The Peirce sub-algebras formed acoording to § 123 define 
together the direct sub-algebra. The characteristic equation of this sub>algebra 
does not differ from the equation of the algebra.^ ' 

125. Theorem. The quadrates form a sub-algebra, the semi-simple system 
of Cabtan/ called a Dedekind algebra.^ 

126. TheareuL All units in a Cartan algebra with characters chosen from 
a single quadrate form a sub-algebra, the product of the quadrate by a Peirce 
algebra. Its equation has but one shear factor. 

127. Theorem. All sub-algebras of §126 determined by the different 
quadrates form the direct quadrate sub-algebra. Its equation does not differ 
from that of the algebra. 

128. Theorem. All numbers which do not contain quadrate units form a 
sub-algebra called the nil-algebra (Cartan's pseudo-nul invariant system).^ 
The units of this system are determinable to a certain extent (viz. those which 
also belong to the direct sub-algebra of §127) from the equation of the 
algebra. The other units are not determinable from the characteristic 
equation of the algebra." 

129. Definitions. All numbers ^, which are expressible in the form 

^ = 2 fiCt ^< r'»r 

i = l 

form a complex. The entire complex may be denoted by Ei, E^, etc., E=^ 
denoting the original algebra.^ 

The product of two complexes consists of the complex defined by the 
products of all the units defining E^ into the units defining E^, indicated^ by 

El .E2 

An algebra E is reducible when its numbers may all be written in the 

> On the general labject Bee Study 1, i3, S ; Schbffbbs 1, 2, 8, 4, 7 ; B. Pbirob 1, 8 ; Hi.wKX8 1. S. 

• Schbffbbs S. Cartan 2. > Shaw 4. « Cabtah 2. * Fbobbhius 14. 

* Epstbbn and Wbddbbbubn 2. ^ Rpbtbbn and Wbddbbbubh 2 ; Fbobbhius 11. 
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form ^ = ^1 + ^3 where ^j belongB to a complex Ei, ^g to a complex E^, such 
that/ 

An algebra is irrediunble when it can not be broken up in this way. 
When reducible into a complexes we may write 

E =z El '■\- E2 -{• .... + -E^i 

130. Theorem. An algebra is reducible into irreducible sub-algebras in 
only one way.^ 

131. Theorem. The necessary and suflScient condition of reducibility is 
the presence of A numbers ej ef^y such that if ^ is any number/ 

f e. = e.f ^ = «a e. e^ = e^ c. = a = 1 A, a :^ ^ 

132. Theorem. The characteristic function of a reducible algebra is the 
product of the characteristic functions of its irreducible sub-algebras.^ The 
order is the sum of the orders of the sub-algebras, and the degree is the sum 
of the degrees of the sub-algebras. 

133. Definitions. The region common to two regions, or the complex 
common to two complexes Ei^ E^, is designated by E^. If the complex Ei is 
included in the complex E^ this will be indicated by' E^^E^. 

The reducibility used by B. Peirce is defined thus, E is reducible^, if 

E = El -{' E2 El ^ El El ^ E2 El E2 1 JB'j2 E^ Ei ^ Ei^ 

An algebra is deleted by a complex E^ if the units in E^ are erased from 
all expressions of the algebra, including products. The result is a delete 
algebra, if it is aaaociative. It may not contain a modulus however.^ 

134. Theorem. Let the product of ^a be given by the equation 

l....r r 

If the units may be so transformed that the product may be expressed by 
means of the equations 

l....r 

ar(,= 2 a>y*yirifc i'= W + 1 r 

J,k 

then the units ei e^,, define a delete algebra,^ called hereafter a Molien 

algebra. If an algebra has no Molien algebra, it is qtmdrate. 

iSee refereneeB $128. •Sohbvvbbb 8, 4. *Ep8TUn and Wbddbbburm 3. 

* Epstbbm and Wbddbbbubn 3. On the definitionB of reducibility see Epbtbbh and Lbonabd 8 ; 

Lbonabd 3. 

* ScHBVVBBS 8, 4 ; Hi.WKB8 1, 8. Cf. MoLiBH 1 ; Shaw 5. 

* MoLiBN 1. ThiB 1b Molien't «« begleltendet " BjBtem. 
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135. Theorem. A Molien algebra of a Molten algebra is a Mounr algebra 
of the original algebra. Two Molten algebras which are such that the co- 
ordinates of the numbers of the two algebras have q linear relations, i.e., whose 
numbers are subject to q linear relations, possess a common Molien algebra 
of order q^ and conversely. If the Molien algebras of an algebra have no 
common Molien algebras, then the numbers in the different Molien algebras 
are linearly independent.^ 

136. Theorem. If the complex of the linearly independent numbers of the 
form ^<T — <T^ be deleted from an algebra, the remaining numbers form a 
commutative algebra.^ 

137. Theorem. If the commutative algebra of § 136 contains but one unit 
the original algebra is a quadrate.^ 

138. Theorem. If the delete algebra in § 136 contain more than one unit 
it may be further deleted until the delete contains but one unit. This unit 
will belong to a quadrate algebra which is a delete of the original algebra.^ 

139. Theorem. The scalar of any number contains only coordinates which 
belong to the units in the commutative delete alg^bra.^ 

140. Theorem. The pre- and post-latent functions of a delete algebra are 
factors of the corresponding equations of the original. The characteristic 
equation of the delete is a factor of the characteristic equation of the original.^ 

141. Theorem. The two equations of a quadrate delete algebra are powers 
of the same irreducible expression.^ 

142. Theorem. An algebra is a quadrate if its characteristic equation is 
irreducible and if the scalar of any number contains only coordinates belonging 
to the units of the quadrate (which may be a delete algebra).^ 

143. Theorem. The irreducible factors of the characteristic equation of an 
algebra are the characteristic functions of its delete quadrate algebras.^ 

144. Theorem. The number of units of a delete quadrate is the square of 
the order tw, of its characteristic equation. If they are C|^, then 

The delete quadrate is also a sub-algebra of the original.^ 

145. Theorem. If, in a Scheffers algebra, the product of ^ into and by the 
units e^j e^_i....Cr-r,; vanishes, provided ^ is not a modulus or a partial 
modulus, then the algebra may be deleted by the complex of 6^ . . . . c^ _ri* The 



>MOLIBN 1. 

> Molien 1. Molien points out that the nniti may be claBilfied according to their qaadrate eharaoter, 
thai approaching Cartan'a theorem, % 99. 
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delete algebra will have an equation with all the factors of the original algebra, 
but each appearing with an exponent less by unity for each deleted direct unit 
belonging to the factor.^ 

146. Definition. The deficiency of a Peirce algebra is the difference between 
its order and its degree.* 

147. Theorem. The units of a Peirce algebra may be so chosen that, if it 
is of deficiency h^ one unit may be deleted, giving a delete algebra of deficiency 
h — 1, which is a sub-algebra of the original.' 

148. Definitions. An algebra E is semi-reducible of the first hind when it 
consists of two complexes, E^ , E^ such that,' 

El El 5 El El E^ ^ E^ E^ Ei 5 E^ E^ E^ z E^ 

An algebra is semireducible of the second kind when it satisfies the 
equations^ 

El El ^ El El E^ ^ E^ E^ Ei = E^ E^ s E^ 

If in any algebra 

EiEi^E El JEj ^ E^ E^ Ei 5 E^ E^ E^ = E^ 

then E^ is called an invariant sub-algebra} 

149. Theorem. If ^ has an invariant sub-algebra E^^ the algebra K pro- 
duced by deleting E^ is a delete of E^ called complementary to^ E^. 

150. Theorem. If J^i is a maximal invariant sub-algebra of ^, and if there 
exists a second invariant sub-algebra E^ of E, then either E is reducible or E^ 
is a sub-algebra* of Ei. 

151. Theorem. If Ei and E^ are maximal invariant sub-algebras of E, and 
if Ei^ d^ 0, then Ei^ is a maximal invariant sub-algebra of both Ei and E^} 

152. Theorem. A normal series of sub-algebras of J?, is a series Ei, E^^ • • • • 

such that jE', is a maximal invariant sub-algebra of J&,_i(JE?o=j^. If-ffi,iSrg, 

are the corresponding complementary deletes, then apart from the order the 
series JTi, ^, is independent of the choice of JE^^, -F,, . • . . • 

153. Theorem. Let a, be the order of -K,; 7,, the difference between a,_i 
and the maximal order of a sub-algebra of J&,_i which contains JE^, ; \'=a^i — a,. 
Then the numbers ?i, Z^, .... are independent of the choice of the normal series 
apart from their order. A like theorem holds for TciyTc^^ * 

154. Definition. An algebra which has no invariant sub-algebra is simple} 

1 SOHBFFBBS 8. * StABKWBATHBB 1. * firSTBBV JU t 

« Epstbbn 1. » Epstbbm and Wbddbbbubn 2. 
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155. Theorem. The complementary deletes Ki, K^j are all simple.^ 

156. Definition. The series E, Pj, P^, is a chief or principal series 

when P, is a maximal sub-algebra of P,_i which is invariant^ in E. 

157. Theorem. The system of indices of composition is independent of the 
choice of the chief series, apart from the sequence.^ 

158. Theorem. An algebra is irreducible if its quadrates may be so arranged 
QijQi Qp that there are skew units of characters (21), (32) (pp — 1).* 



VL DEDSEIND AND FROBENIUS ALGEBRAS. 

159. Definition. A Dedekind algebra is one which is the sum of quadrates 
Qif Qi Qh' Its order® is r = t(?f + + tv^. 

160. Theorem. A Dedekind algebra has a sub-algebra of order A, whose 
numbers are commutative with all numbers of the Dedekind algebra. No 
other numbers than those of this sub-algebra are so commutative.^ 

161. Theorem. A Dedekind algebra is reducible and the sub-algebras are 

found by multiplying by the numbers e., a = 1 A, in terms of which the 

commutative sub-algebra may be defined, [a.e^ = ^«^^«].^ 

162. Theorem. The characteristic equation of a Dedekind algebra is 
Ai Ab A,^ = 0. The pre- and post-equations ^ are Af^A^* A** = 0. 

163. Theorem. If a Dedekind algebra has only linear factors in its equation 
it is a commutative algebra.^ 

164. Theorem. The scalar of e^ is given by the equation 

^ • ^a = — 

The scalar within a single quadrate, Qi, may be indicated by Si. For any 

number we have * 

S.^ = XSi.^ i=l ...h 

165. Theorem. An algebra is a Dedekind algebra when in the general 
equation, m^, the coe£Bcient of ^''~^, contains each coordinate in such a way 
that the equations 

5— = 1 = 1 .... r 

give • 0?! =....= Xr = 



1 Epstbbn and Wbddbbbubn 2. * Schbpfbbb 8, 4. 

'Of. Fbobbniub 14. Cabtan 2. Thii U Cartan^i semi-Blmple algebra. 

^Fbobbnius 14. Ue calU these invariant namben. * Fbobbniub 14. 

• Cabtah 3, Bee § 131. Evidently | m, (^^ eji \ :^0. 
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166. Theorem. If Ai is the determinant shear factor corresponding to the 
quadrate Q«, then Si . Ai = for all numbers of the algebra, and if e^ is the 
partial modulus of this quadrate/ 

e< Ai = Ai e< = 
The 1+1 scalar coefficient of any numbers vanishes ; i. e. 

167. Theorem. If A^ (a) = A^ {b) then for a determinate number^ c 

168. Definition. A Fbobenius algebra is one which can be defined by r 
numbers Oi . . . . Or which satisfy the equations 

d^i =z Cq^^ Oi t = 1 . . . . r 

The multiplication table of these units defines a group, and any group of finite 
order or infinite order may be made isomorphic to a Frobenius algebra.^ 

169. Definition. Two units Oi, Oj are conjugate if for some determinable 

unit Ofc y 

Oi = OkOjOir^ 

If we operate on Oj by all units of the algebra, Oj . . . . o^, we arrive at r^ 
different units as results. These are said to constitute the ^th conjugate class. 
There will be A; of these classes. Also Vi is a divisor of r. 

170. Theorem. For each unit in a conjugate class we have (as Oj is the 

modulus or not) : 

S . Oj^OjOj^^z^ S . 0^=1 or 

171. Theorem. If the sum of all the units in the ^th conjugate class be K^, 

then for any unit 

Jf^ 0| = 0^ -ffi I = 1 .... r 

There are k different numbers K^, K^ K,^. 

172. Theorem. The k numbers K^, t=^l k constitute a commutative 

algebra of k dimensions^ that is 

173. Theorem. We have (according as 0| is not or is the modulus) : 

/S' . -ffi = — S . ^o^o^o^^ = ri /S . Oj = or r^ 

174. Theorem. A Frobenius algebra is a Dedekind algebra of k quadrates. 
The k numbers K^ determine the k partial moduli, one for each quadrate. 

1FBOBBNIU8 14. Shaw 4. 'Fbobenius 14. Other theoremB appear in Chapter XIX, Part II. 
sFbobbniub 8, 4, 5, 6, 7, 8, 9, 10, 11, 12, 18; Dickson 1, 2, 8, 4; Bubnsidb 1, 5; PoiMOABi 4; Shaw 6. 
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The widths of the quadrates being represented by tr«, t = 1 k, we have 

jKi = 2 gti^i f, f = 1 .... A? 

176. Theorem. It follows that if we take scalars 

r . SKi = r=:i^+t^ +^ 

176. Theorem. Let the scalar of 0| in the quadrate i be represented by 
S^\y orsf, then 



2 

i = i 



S.o,= 2 t^./S'<pOe= 2 v^isf 



k 

2 

<b1 



Hence 



Q — 4U • • • • K 



177. Theorem. We have 

If we write for m?< 6fj'^ the symbol ;t<^**, (called by Frobenius the i-th 
characteristic of Oj) we have 

where A is the determinant \x!i\ xf^ X^^\ *°^ A; ^^ ^^® minor (including 

sign) of tr^. ' This determinant A evidently cannot vanish. 



Also 



M) 



and 



178. Theorem. Hence 



k 

2 
(2Jr,)«=r2Jrt 






Ci = 



(*) 



2 



oo '^s/'S • . ' * O; 

...a •••• 

** ^kHk • • • • *jk 



(2) 



*»2 "8 






«* = 



;i:i" %?' 



if; 



— z? 



. . . «i*> 



sf 



179. Theorem. For all values of a^ h 



dB=l 



or 



or 



Th 



r*2> 4*) = 2 /S^*>o,o^o,oJ» 

d = l 



where 2' takes o^ over the r> values in the conjugate class ^ of O5. 

c 

Also* tr, tcj «<J' «Ji"= 2 <f.^C or ;t'5;K'^ = 2 (i'<>;c«' 



u = l 



u=l 



> See referenceB to § 168. These apply to theorems following. 



*BlTBN8IDB 5. 
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180. Theorem. X . S^'K o^o^^^ S^'^Oj, = ^ S^'^o^ 

181. Theorem. k . S^'K 0^0-^^ 8^0^,= idjpj 

6=1 

182. Theorem. 2 S^'^ 0^ . S^'^ 0^^ = -^ 



b=l 

183. Theorem. X S^'^ o^ o^' S^'^ 0, 0^ = —.- S^'^ . o^ 0, 

184. Theorem. X S^*\ Oa^ 6^^ 0^ o^, = —2- 

a, 5=1 ^i 

185. Theorem. If Oi is an independent generator of the group of units, 
(\) . . • • o^_i , and if we form the t-th La Grangian of Oj , that is, 

/u = i (l+o*o, + o«of+ .... +o<— i^o^-') 

where q is a primitive m^-th root of unity, and m^ is the order of o^ (oj"** = o^) 
then for any number of the algebra, ^, we have a product 

such that all numbers of the algebra are separable into mi mutually exclusive 
classes of the forms (where it is sufficient for ^ to be any one of the units o^ 
when the group is written in the form OjO\). 

Uii (< = 1 mj) 

For f/it, we have* 

186. Theorem. If a, is a second independent generator, then we may 

determine the equations of o^/ie (< = 1 frii). The latents Z^, determined 

as in § 48, used as right multipliers, separate the numbers of the algebra into 
mutually exclusive classes^ such that if these latents are /uu, then (if 

bfltu fltu =^ b/liu b/ltu flVuf =^ ^ 

This process of determining latents by the independent generators may be 
continued until they are in turn exhausted. 

187. Theorem. The ultimate latents are scalar multiples of independent 
idempotents of the forms XjJo^ where i = 1 . . . . tri; « = 1 . . . . A:. Multiplication 
right and left by these idempotents will determine every quadrate unit Xj'^o> 
», y = 1 .... M?<; « =: 1 .... A;, in terms of the c generators Oj o^. 

188. These results may be extended easily to cases in which the 
coefficients of the units 0^ are restricted to certain fields. 

1 Shaw 6. This reference applies to S$ 186, 187. 
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Vn SCHEFFEBS AND FEmCE ALGEBRAS. 

189. Theorem. Every Scheffers algebra with h partial moduli has h sub- 
algebras, each with like pre- and post- characters. 

190. Theorem. The general equation of a Scheffers algebra of h partial 

moduli is of the form^ 

h 

n . (a^ — f)**tt + «a + ---- + «<h = 

191. Theorem. Every number of a Scheffers algebra satisfies the general 
equation of its direct sub-algebra, which is 

n (a,— o~« = o 

This equation is the intermediate equation of the algebra. 

192. Theorem. The characteristic equation of a Scheffers algebra is 

n {a,-^Yi = 

193. Theorem. A Peirce algebra may have its units taken in the form' 

^, ^ tf = l....^ < = n^ — 1 

194. Theorem. Units containing 9^, < > 0, may be deleted, and the 
remaining numbers will then form a companion delete algebra, called the base 
of the Peirce algebra.' 

195. Theorem. Any Peirce algebra may be made to serve as a base by 
expressing its units in terms of associative units of weight zero.' 

196. Theorem. The product of two units follows the law ^ 

197. Theorem. A Peirce algebra of order r, degree r, is composed of the 
units *^ 

These have been called by Scheffers, Study algebras. 

198. Theorem* A Peirce algebra of order r, degree r — 1, is composed of 
the units 

^Cabtan 2. *8hi.w 5. Of. Strong 1. 'Shaw 5. «Shaw 6. Cf. Schbffbbs 8; Gabtan 8. 
* B. Pbibcb 8 ; ScHBrFBBS 8 ; Hawkbs 1 ; Shaw 5 ; Studt 8. 
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6 = 



This is reducible^ if a and b do not vanish^ to the case of a =: 1 = &• 

If a = 0, we may take 6 = 1 or 0. If 6 = 0, we may take a = 1 or 0. 

When r = 4, either a = 1, 6 has any value ; or a = 0, 6 = 1 ; or a = 0, 
0. 

If r=3, a = 0, 5 = 0.^ 



199. Theorem. A Peirce algebra of order r, degree r — 2^ is of one of the 
following types.* Only the forms of Cq, ^i, €2, e^, e^ are given since in every 



case 



^6 — '^W • • • • ^r-2 — ^11 r— 4 



^r — 1 — '^Ir- 



8 



The ^ will be omitted in each case. 
Whenr>6. 



(1). 


C6 = 


(110) 


(11). 


c,= 


(210) 


(12). 


«i = 


(210) 


(13). 


«i = 


(210) 




«» = 


(111) 


(14). 


«i = 


(210) 


(2). 


«b = 


(110) 


(81). 


«i = 


(210) 


(22). 


«,= 


(210) 




«3 = 


(111) 


(23). 


«1 = 


(210) 




e» = 


(111) 


(24). 


«i = 


(210) 




«8 = 


(111) 


(25). 


c,= 


(210) 


(26). 


<?,= 


(210) 




«• = 


(111) 


(27). 


ft ■ 


(210) 


(?8). 


«i = 


(210) 


(29). 


«a = 


(210) 



+ (220) + (330), type of algebra (t, i^,J,J*. . 
+ (320) + (13r — 2) eg = (310) + (12 r- 



-2) ci, = (lll) 



+ (320) C8 = (310) 
+ (320) + (13r — 2) 
+ 2(13r — 2) 
+ (320) «%=(310) 



e, = (112) 



e, = (112) 

«8 = (111) 

<% = (310)+ (12 r— 2) 

e, = (112) 

es = (lll) + 2(l3r— 2) 64 = (112) 



+ (220), type of algebra (i,j, ij,f. . . ./'"») 

+ (12r— 3) c, = (211) + (12r — 2) <!, = (111) + (221) 

C4=(112) 
+ (12r— 3) e8 = (211) + (12r — 2) 

+ (221) + 2 (12 r— 2) C4 = (112) 

+ (12r — 3) ciB = (211) + (12r— 2) 

+ (221) + 2(12r— 3)+2c(12r— 2) 

«, = (112) + 4 (I2r— 2) c = 0ifr:|:8 

+ (12 r — 3) + (12 r— 2) e^ = (211) — (12 r — 2) 
— (221)— 2(l2r— 3) C4 = (112) 

+ (12r— 3) <% = (211) — (I2r— 2) 63 = (111) — (221) 

6, = (112) 
+ A(12r— 2) 62= (211) A=0orlifr4:7 

+ g^(221) + 2(2-c)(12r — 3) e4 = (ll2) + 4 (11 r— 2) 
+ (12r— 3) 6b = (211) — (12 r— 3) 63= (111) — (221) 

e, = (112) 
+ A(12r— 2) e2=(211) <% = (lll) + (221) + 2 (12r— 3) 

64 = (112) A=0orlifr4:7 

+ (12r— 2) ei5 = (211) 6, = (111) + <i (221) C4 = (112) 



> B. FaiBoa 8 ; SoHamss 8 ; Sraw 5. 

4 



< Sti.bxwu.tbbb 1. Cf. Shaw 5. 
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(2a). c, = (210) e|=(211) <i = (111) + d (221) e4 = (112) 

(2/9). «, = (210) + (221) + (12 r— 2) Ck = (21l) €3= (HI) e« = (112) 

(2y). ei = (210) + (221) «k=(211) e, = (lll) e4=(112) 

(2a). Ci = (210) e2 = (211) 6i,= (lll)+2(12r— 2) tf4 = (na) 

(2c). Ci = (210) + (12r— 2) e8 = (211) «i = (lll)+2(12r— 2) «f4=(112) 

(2^.cj = (210) + (12r— 2) % = (211) Ci = (lll) «i=(112) 

(2n). «, = (210) «,= (2ii) «i=(iii) e« = (na) 

(3). «o = (110)+(220) + (330), type of algebra, (i,J, h,V.... If-*) 

(31). c, = (2l0)+(12r— 2) <^=(310) eg = (lll) C4 = (lia) 

(32). ei=(210) «g = (310) Ci = (lll) «4 = (112) 

(33). c, = (210)+gf(13r— 2) «, = (310)+(12r— 2) €^=(111) e4 = (112) 

(34). c, = (210)+(13r— 2) Ci = (310)+(12r— 2) 

C8 = (lll) + 2(12r— 2) + 2(13r— 2) C4=(112) 

(35). c, = (210)+(13r— 2) ei= (310)+(12r— 2) 

Ci=(lll) + 2(l3r — 2) 64 = (112) 

(36). e, = (210)+(12r— 2)— (13r— 2) eii = (310)+(12r— 2) ei = (lll) 

e4 = (ll2) 

(37). Ci = (210)+(12r— 2) «i = (310) e^sr (lll)+2(13r— 2) e4 = (112) 

(38). c, = (210)+(12r— 2) <% = (310) tf,= (lll)+2(l2r— 2) 04=:(112) 

(39). e, = (210) e8 = (310) «ii = (lll)+2(l3r— 2) «4 = (H2) 

When r = 4, 6, or 6. These cases may be found in XX. 

900. Theorem. A Scheffers algebra of degree r — 1, which is not reducible, 
must consist of two Study algebras, with one skew unit connecting them.^ 

201. Theortm. A Scheffers algebra of degree r — 2, which is not reducible, 
must consist of 

(A) Three Study algebras, E^, E,, ^, with skew units (12), (23); 

(B) One Study algebra, and one algebra of deficiency unity, with one 

skew unit connecting them ; 

(C) Two Study algebras, joined (1) by two skew units (12) (12), or 

(2) joined by skew units (12), (21). 

208. Theorem. A Peirce algebra whose degree is two, is determined as 
follows : for wi ^ — ^^ *" we may take 

eifgg e^=Ei, such that EE^ = EiE=0 

The remaining units are such that 

*»+i ^m+f^^^Ym+i.m+j,k ** ^^ modulus, k^ 1 .... m 

or in brief ^ 

E=Ei + E„ E\=zO, E,EtZ=E,E, = 0, El<E^, ?,^^=-?^?, 

1 80H1FFBB8 8. 
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One class of Peirce algebras of degree two, and order r, may be con- 
structed from the algebras of degree two and order less than r, by adjoining 
to the expressions for the algebra chosen for the base other terms as follows : 

let the units of the base he e^ e^ written with weight zero, say e^, e^; 

then the adjoined unit (deleted unit) being e^^i = ^m, we have for new units 

e^ ^ ^10 4" ^a ^^121 + ^<8 '^isi + • • • • 
^jo ^^ ^jo "^ ^js ^m 4" ^>8 ^im. + • • • • 

and a^j = — a^ for all values of i, j. 

The second and only other class involve units of forms Xm + • • • • and are 

given by 

^10 ^ ^«) 4" ^21 '^iM 4" • • • • 4" ^ ^m 4" • • • • 
<^jo = ejo + oi^^ifsi+ - +«2« ^i4- .••• 

€g ^^ ^111 ""^ ^1 ^221 "^ ^ ^■381 • • • • ^1 1 ^8 • • • • •"" ^ ^r 1 

and ajjS = — af£ for all values ^ of t, j\ h. 

203. Thearam. A Scheffers algebra of order r, degree two, consists of two 

partial moduli X,m 4- ^ 4- 4- ^mimio and ^mj+i.mi + i,o 4- 4- ^no, 

and T — 2 skew units as follows^ 

'^mi + 210.... 'WlO '^mi + lO ^nh + lO.... '^wh wh + 1 

204. The subject of the invariant equations of Peirce and Scheffers 
algebras is under consideration. Some particular cases are given later. 

> Shaw 5. *Schbffbbi3. 
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Vm. EAONECEER AND WEIEBSTRASS AL&EBRAS. 

1. KHONBCKBR AIiQBBRA& 

205. Definition. A commutative algebra is one such that every pair of 
numbers ^<, ^^ in it, satisfy the equation :* 

206. Theorem. An algebra is commutative when its units are commutative. 

207. Theorem. The characteristic equation of a commutative algebra can 
contain only linear factors, if the coordinates belong to the general scalar range. 

208. Theorem. If the characteristic ec^uation of a commutative algebra 
whose coordinates are unrestricted has no multiple roots it is reducible to the 
sum of r algebras each of one unit, its partial modulus. Such algebra is a 
Weierstrass algebra.^ 

209. Theorem. If the characteristic equation of a commutative algebra 
has p distinct multiple roots, it is reducible to the sum of p commutative 
Peirce algebras. Such algebra is a Eronegker algebra.* 

210. Theorem. The basis of a commutative Peirce algebra is a commuta- 
tive algebra. 

211. Theorem. A Kronegker algebra may contain nilpotents, a Weieb- 
STRArs algebra can not contain nilpotents.^ A Weierstrass algebra has 
nilfactorials. 

212. Theorem. If the coeflScients are restricted to a range, such as a field 
or a domain of rationality, the algebra may not contain either nilfactorials or 
nilpotents. Such cases occur in the algebras built from Abelian groups. This 
case leads to the general theorem : If the equation of the algebra is reducible 
in the given coordinate range, into p irreducible factors, the algebra is 
reducible to the sum of p algebras and there are nilfactors. Each irreducible 
factor belongs to one sub-algebra. If an algebra has an irreducible equation 
in ^, the general number, such that the resolvent of this equation and its first 
derivative as to f does not vanish, then all its numbers may be brought to 
the form 

where i is a certain unit of the algebra, and 6© • • • • ^r-i belong to the range. 
If the resolvent vanishes for either a reducible or an irreducible equation, 
there are nilpotent numbers in the algebra.*^ 

1 References for certain commntativo algebras follow in the next article. On the general problem see 
Study 2; Fbobinius 3; Kbonbckbr 1 ^ Shaw 4. 
*See references for $215, also Kbonbokbb 1. 
sMooBBl. ^KbonbckbbI. ^MoobbI; Kbonbokbb 1. 
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213, Theorem. lu canonical form the adjoined unit is of form 

p p 

J Z^ Z Agal "T 2 Ajgg + . . . . 
8=1 f=2 

There are as many terms of a given weight k as there are basal units 
with subscripts that appear in terms of weight k. 

214. Thearam. The units of a commutative Peirce algebra may be taken 

of the form . 

t:ti t:u t:tm 

where t«= [li] and where {?*"*" S ^^^ *^ ^i ^^ linearly expressible in 

terms of higher order. 

2. WBIERSTRASS ALGEBRAS. 

216. Definition. A Weierstbass algebra is a commutative algebra satisfying 
the conditions fi^^ = ?;?i and whose degree equals its order/ and whose 
coordinates are real. 

216. Theorem. Numbers whose coeflBcient tn^ =: are nil/actorial ("divisor 
of zero "). The product of a nilfactor and any number is a nilfactor. There 
are no nilpotents in the algebra.^ 

217. Theorem, There is at least one number gr, such that Cq, gr, fl'*- • • •sT'^ 
are linearly independent. The latent equation resulting may be factored 
into r linear factors, the imaginary factors occurring in conjugate pairs. 

218. Theorem. A. Weierstrass algebra is reducible to the sum of r' algebras 
of the form 

x^ ^=«i XiXj—0 *,y= 1 ^ r=::r' + r^' i-^j 

and whose coordinates are scalars, which appear in conjugate forms if 
imaginary (/' is the number of algebras admitting imaginaries). Hence the 
algebras may be taken to be of the form 



^i+«< + i («i — ^i+i)^— 1 

with real coefficients ; or finally we may take the r' algebras as r' independent 
ordinary complex algebras. 

219. Theorem. Nilfactors are numbers belonging to part only of the 
partial algebras. If ^1,2.... n has coordinates in the first n algebras but not in 
the other r' — n, fn + i....r' tifts coordinates only in the algebras from the 
n + 1-th to the r'-th, then 

bl .... n bn + l....r' -— 

1 WiiSBBTBABB 2 ; SoHWARZ I; Dbdbkind 1, 2 ; BbklottI; Holdbr 1; Pbtbbson 2; Hilbbbt 1; 
Stolz 1 ; Chapman 3. The sections below are referred to Berloty. 
'The presence of nilpotents would lower the degree. 
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DL AL&EBRAS WITH COEFFICIENTS IN AKBTTRABT FIELDS. 

EEAL AL&EBRAS. DICKSON AL&EBRAS. 

220. Definition. An algebra is said to belong to a certain field or domain 
of rationality, when its coordinates are restricted to that field or domain. In 
particular an algebra is real^ when its coordinates are real numbers.^ The 
term '^ finite '^ algebra is used also to mean algebras whose coordinates are in 
an abstract (Galois) field. 

221. Theorem, The coefficients of the characteristic and the latent equa- 
tions of an algebra are rational functions of the coordinates in the domain 
A(^,y), which is the domain of the coordinates and the constants^ y. 

TlStZ. Theorem. If new units are introduced by a transformation T rational 
in A«, the new units are rational in £i^] the bypercomplex domain A(,^«) is 
then identical with the bypercomplex domain A(^,</). Further, if Ai^ contains 
Ay, it also contains Ay. 

223. Theorem. If /S^ . ^ is defined for any domain, then S .^\e invariant 
under any transformation of the units of the algebra and is rational in A^.^* 

224. Theorem. In any domain there is an idempotent number or all 
numbers are nilpotent. 

226. Theorem. In a Peirce algebra every number ^ = ^o + ^ii where ^q is 
a multiple of the modulus, and ^| is a nilpotent rational in Aj^^^. This 
separation is possible in only one way. We may choose by a rational trans* 
formation new units such that 

e^znel, ep=0 »=l....r-l 

The characteristic equation of ^ is -F. ^ = f'' [^iG'^S where -F. f is rationally 
irreducible in A^. 

226. Theorem. In any Schefifers algebra, we may choose by transforma- 
tions rational in A^, the units yi which are nilpotent such that 

227. Definition. A real algebra may be in one of two classes, the real 
algebras of the first class are such that their characteristic equations have no 
imaginary roots for any value of ^, the general number ; the second class are 
such that their characteristic equations in ^ have pairs of conjugate imaginaries.* 

228. Theorem. Every real quadrate is, if in the first class, of the form 
S^^^^ y (1) e^ef^ = ^ji,ea »=1 p 

If of the second class, it is of order 4p', and is the product of Q and an 
algebra of the first class (1). 

1 Dickson 5; Tabbb 4. Hamilton restricted QnaternioiiB to real qnatemionfl, calliog quaternions with 
complex coordinates, biqnatemions. 

* Tabbb 4. The sncceedlng sections are referred to Taber 4. This paper contains other theorems. 
sQabtan 2. This reference applies to $$328-282. 
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The algebra Q is Quaternions in the Hamiltonian form 

^Of if jf ^9 ty=— yi = A?, etc. 

889. TSieoreiiL Every real Dedekind algebra is the sum of algebras, 
each of which is of one of the following three types : 

(1) Real quadrates of first class; 

(2) Real quadrates of second class ; 

(3) The product of a quadrate of first class and the algebra Cq, Ci^ where 

880. nieorem. Every real Scheffers algebra of the second class is derivable 
from one of the first class by considering that each partial modulus belonging 
to a complex root of the characteristic equation will furnish two units for the 
derived algebra, say 

^ = «! + «« e^={xi — x^)V—l 

That is, the direct sub-algebra consists of direct nil-potent units and of the 

sum of algebras of the forms 

^ or ^,^1 {4 = — e^) 

All other units are chosen to correspond ; thus yju furnishes two units, >7^ and 
i7si, corresponding to x,, ^/—l x^. 

831« Theoram. A Cartan real algebra is primary, and has a Dedekind 
sub-algebra according to §329, the other units conforming to this sub-algebra 
in character, and giving multiplication constants y which are real ; or it is 
secondary, and has a Dedekind sub-algebra consisting of the algebras in §229 
multiplied by real quadrates of the first class, the other units conforming as 
usual. 

838« Theorem. Every real irreducible (in realm of real numbers) com- 
mutative algebra is of the types of §230. It is a Peirce algebra then, the 
modulus being irreducible ; or else it has two partial moduli which give an 
elementary Weierstrass algebra, and hence are irreducible in the domain of 
real numbers. 

888. niaorem. The only real algebras in which division is unambiguous 
division (in domain of reals) are (1) real numbers ; (2) the algebra of complex 
numbers e^, = cj = — cf ^1 = 6^^^ = 616^, (3) real quaternions.^ 

834k Definition. A. Dickson algebra is one whose coordinates are in an 
abstract field. 

835. Theorem. The only Dickson algebras (associative) which admit of 
division are those whose coordinates are in the Galois (abstract) field, and 
whose qualitative units are real quaternions or sub-algebras of quaternions.^ 

iFbobihiui 1; C. 8. PaiBoa 4; Cartan 2; Gbissimann 1. 
• Wbbdibbcjbh 4. See alto Dickson t and 7. 
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X. NUHBER THEOST OF AL&EBRAS. 

236. Definition. The number theory of an algebra is the theory of domains 
of numbers belonging to that algebra. Algebras usually do not admit of 
division, unambiguously, hence the term domain is taken here to mean an 
ensemble of numbers such that the addition, subtraction, or multiplication of 
any of the ensemble give a result belonging to the ensemble. The first case 
which has been studied is that of quaternions, which admits division.^ 

237. Definitions. An infinite system of quaternions is a corpue if in this 
system addition, subtraction, multiplication, and division (except by 0) are 
determinate uniquely. 

A permutation of the corpus is given by \f^^\ if through the application 
of this substitution, every equation between quaternions in the corpus 
remains an equation. Hence 

f{a + J) = f{a) + m f{ah) =f{a) ./(6) 

If £i is the corpus of all quaternions we have the substitutions 



t ? 



(1) q{)r' 

(2) f{a) = ao =t a^ t« ± a, t^ =h Ogfy a, ^, / is a permutation of the 
indices 1, 2, 3. 

238. Theorem, If R is the corpus of rational quaternions, then a is 
rational when o^, ai, Oj, a, are rational. The permutations for the rational 
corpus are q{) g"^, and (a, ^, y). 

239. Definitions. If p = i (1 + ti + «« + h)* ^^^ J = *bp + *i*i + *»4 
+ ^^1 where A\), A^, A:^, ^s &re any integers, q is said to belong to the integral 
domain J. 

If the cooi Jinates of g, i A\), i A:o + ^ii ^ ^ + ^i ^ ^ 1- ^ &re integers, 
q belongs to the sub-domain «7^. 

An integral quaternion is one which belongs to /. 

An integral quaternion a is predivisible (post-divisible) by b if a = 6c 
(a = cb) for some integral quaternion c. 

If 6 and e"^ are both integral, 6 is a unit. It follows that 

There are 24 units : 

6=±1, dz%i, ifcH, it,, 2 

240. Theorem. If a = vCy then u^=^CiV only if t; = re or r^e, where 

f = l+ii,andris any real integer. 

^ HuBWiTZ 1. Cf. LipsoHiTZ 2. The first reference applies to all aeotioiiB following to $957. 



NUMBBR THBORT OF ALGEBRAS 61 

241. Theorem, If a and b are integral quaternions^ b:^0, we can find 

a = qh + c a = Jg'i + ci N{c) < N{h) iV(c,) < N{h) 

842. Theorem. Every two integral quaternions a and h^ which are not 
both zero^ have a highest common post-factor of the form 

d^=^ga'^hh {g, \ integers) 

and a highest common pre-factor of the form 

di = agi + 6Ai {g^, h^ , integers) 

243« Theorem. The quaternions 0, 1, p, p^ form a complete system of 
residues modulo ^. 

244. Theorem. A quaternion belongs to c7^ if it is congruent to zero or 1 
(mod ^. 

245. Theorem. It N . a{=N . Ka) is divisible by V^ then a = ^i where 
h has an odd norm. 

246. Theorem. The following quaternions form a complete system of 
residues, modulo 2 : 

1, hi hf H ^^-2"^^ 0, 1 + h, 1 + h, 1 + h 

247. Definition. A primary quaternion is 'one which is congruent to either 
1 or 1 + 2p (mod 2^). Every primary quaternion belongs to cT^. 

Two integral quaternions are pre- {post-) associated, if they differ only 
by a pre- (post-) factor which is a unit. 

248. Theorem, Of the 24 quaternions associated to an odd quaternion b, 
only one is primary. 

248. Theorem. The product of two primary quaternions is primary. 

2S0. Theorem, If b is primary then when 

(1) 6=1 (mod 2^, JT. 6 is primary, 

(2) 6 = 1 + 2p (mod 2f), —K. b is primary. 

261. Theorem. If m is a positive odd number, the m^ quaternions 

?o + fth +92h + q9h {qoj fti fti ^8 = 01 1, 2 m— 1) 

form a complete system of residues modulo m. 

These quaternions are holoedrically isomorphic with the linear homo- 
geneous integral binary substitutions : 

ai = axi -f 0X2 x^ = yxi -f hx^ (mod m) 

N{ah — l3y) = N.q (mod m) 

262. Theorem. The number of solutions of N{q) = (mod m), q being 
prime to m, is m»n (l — p) (i + — ) 
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The number of solutions of N {q)^l (j»od m) ib m^TlCl — -^ ) . 

These form a group 6^^ which is holoedrically isomorphic to the group of the 
linear homogeneous binary unimodular integral substitutions, modulo m. 

253. BefinitioiL 7t is a prime quaternion when its norm is prime. 

254. Theorem. There are p + 1 primary prime quaternions whose norm 
equals the odd prime p. 

256. Theorem. If N.c=ip^q^ then c=7ii7Ct ^«i «*• • • -where 

7f|, jTi* . . . are primary prime quaternions of norms p, q^ etc. 

256. Theorem. If m is any odd number, there are ^ (m) = 2 . <2 (sum of the 
divisors of m) primary quaternions whose norm equals m. 

257. Theorem. The integral substitutions of positive determinant which 
transform a{ + a:! + ^ + ^ ii^to a multiple of itself are given by the equations 

where a, P are any two integral quaternions which satisfy the conditions 
a^ = or 1 (mod^. 

258. Definition. The general number theory of quadrates has been studied 
recently by Du Pasquier.^ A number in a quadrate algebra he calls a tettarion. 
It is practically a (square) matrix or a linear homogeneous substitution. An 
infinite system of tettarions is a corpus, if when a and fi belong to the system, 
a ±: fi, a . P, ^ . a, a : ^, ^~^.a belong equally to the system. A substitution 
of a tettarion r = f{r) for a tettarion r is indicated by [t,/(tj]. Apermuta- 
lion is a substitution such that when a is derived from n tettarions (Xf . • -On by 

any set of rational operations, so that a = £ (o^ a^, then /(a) = a is 

derived from ai a,» by the same set of rational operations, so that 

(x^^ M (tti .... a,i) 

259. Theorem. The substitution [a, /(a)] is a permutation of the corpus 
I JTf, if the tettarions /(a) do not all vanish, and if 

/(« + fi) =/(a) +AP) f{a^) = /(a) /(/?) 

for any two tettarions a, ^ in \K\. The tettarions /(a) also constitute a 
corpus. 

260. Definition. An inversion of the corpus is a substitution such that not 
' all /(t) are zero, and also for any two tettarions a, ^ we have 

/(a + ^) = /(a) + /(/3) f{a^) = /(fi) /(a) 

[t, t] is an inversion, where r is the transpose of r. If [a, /(a)] is the most 
general substitution of the corpus, [a, /(a)] is the most general inversion. 

261. Definition. Two permutations of the form 

[a, /(a)] and [a, q . /(a) . q'^] 

where q is any tettarion which has no zero-roots, are said to be equivalent. All 
equivalent permutations constitute a class. 

1 Du Vjisquiun 1. TbiB reference applies to |S858-1M^. 
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262. Theorem, The substitution tat"^ is a permutation of the corpus £i 
of all tettarions of order e; where < is a tettarion such that N{i):4^ 0, N(t) 
being the s-ih or last scalar coefficient in the characteristic equation of t. The 
coefficient N{t) is called the norm of L 

263. Definitions. A tettarion is rational if all its a* coordinates are rational. 
All rational tettarions form a corpus \B\. All tettarions whose coordinates 
belong to a given domain of rationality constitute likewise a corpus. A 
rational tettarion is integral if all its coordinates are rational integers. 

The integral tettarion a is pre- (or post-) divisible by the tettarion fi if 
an integral tettarion y can be found such that a = ^^ (or a = yfi). A unit 
tettarion e is an integral tettarion which is pre- (post-) divisible into every 
integral tettarion. When N{e) =^ + Iwe call e a proper unit-tettarion ; when 
N{e) =^ — 1 we call e an improper unit-tettarion. 

264. Theorem. Let a^ = A + ^i/i where h is the modulus of the quadrate, 
that is, is scalar unity, and e^ is one of the s^ units defining the quadrate ; and 

let T = X Uf e^f be any integral tettarion ; then among the tettarions 

T<'>=a5T (a:=l,2....) 

there is always one such that a certain pre-assigned coordinate, say i^\ is not 
negative, and is less than the absolute magnitude of any other coordinate of r 
of the form tj^{k^^l. . . .8, A; :^ t), provided tj^ ^ 0. 

265. Definition. A tettarion Xt^je^ in which all coordinates for which 
i'^ k {or i^k) vanish, is said to be pre- (poat-) reduced. They constitute a 
sub-corpus. Tettarions of the form S/Me^ are both pre-reduced and post- 
reduced. The components ^<«(i= 1 ....«) in a reduced tettarion r vanish only 
when T has zero-roots. 

266. Theorem. If r is any integral tettarion, a proper unit-tettarion e 
may be found such that e .r (or r . c) is a pre- (post-) reduced tettarion, in 
which, of all the coordinates t^^^ at most only t„ can be negative. This co- 
ordinate is negative only if N{r) -< 0. 

If T is any integral tettarion, we may find a pair of proper unit-tettarions 
ei and e^ such that ci tb^ is of the form Xd^^e^^ (t = 1 .... s), and among the 
coordinates at most only dg^ is negative, and d^ is divisible by di_i (_i. The 
coordinate d„ is negative only when ^^(t) is negative.^ 

If a = €i ^€2, a and ^ are said to be equivalent. 

267. Theorem. Every proper unit-tettarion e is expressible in an infinite 
number of ways as the product of integral powers of at most three unit- 
tettarions. These three may be 

aij = h + e^j 

Pij = Xe^ + e^j — e^ {k=l s,k^ i, k :^j) 

y ^^ ^1 + ^ + •••• + ^M-i — ^u 

iCf. Kkonbckib: CrelU 107, 135-186; Bachmah : ZahlentheorU IV Teil, 294. 
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268. TheoreiiL Every integral tettarion r is equivalent to a tettarion of 
the form X tu e^. The coordinates less r are the shear factors of the character- 
iatic equation of T, The norm of r, ^(t), is the product of these coordinates. 
Two tettarions are equivalent when thej have the same shear factors and the 
same nullity. 

269. Theorem. In order that a^ be a factor of r = ai ai a« it is 

necessary and sufficient that the nullity of ot| be not higher than that of r, and 
that each shear factor of a^, or combination of shear factors, be divisible into 
the corresponding shear factors of r. If an integral tettarion r is a product 
of others, then every combination of shear factors of r is divisible by the 
corresponding combination of shear factors of any one of these others. 

2^0. Definition. Two tettarions r and er are called pre-aasociaied. The 
association improper or improper according as N{e) = + 1 or — 1. Associated 
tettarions form a claas. The simplest representative of a class will be called 
a primary tettarion. 

A pre-primary tettarion p = Spij e^^ satisfies the following conditions : 

i>o = i>j Pij^O find 0<p^j<:pjj 

for all i^y and if pjj:pO; i and J have values 1 s subject to the con- 
ditions stated. 

271. Theorem. A primary tettarion cannot have a negative norm. Pri- 
mary tettarions with zero-roots are infinite in number, but the number of 
primary tettarions of a given norm md^O is finite. 

i« « • *fi ,j\ 

272. Theorem. If m = 11 jpf , where p^ is a prime number, and if x{^) 

is the number of distinct pre-primary tettarions of norm m, then 

z(*»)=z(p?'")z(i«*).---;k(i^''") 

273. Theorem. If r is any integral tettarion and m is any integer (4= 0) 
then an integral tettarion a may be found such that r=^ma or else r=:ma + a 
wherein a is an integral tettarion and < | ^(a) | < | m' | . 

274. Theorem. If a and S are two integral tettarions of which j has not 
zero-roots, then two integral tettarions fi and y may always be determined 
such that either 

a = pS and y = or a = /?« + y and 0<|^(y)|<|Ar(5)| 

By this theorem a highest common pre- (post-) divisor may be found by 
the Euclidean method for any two integral tettarions. 

276. Definition. An infinite system of tettarions which do not all vanish 
is a pre- (post-) ideal if when r< and Tj belong to the system, yT<, r^ it Tj also 
belong to the system, where y is any integral tettarion. 
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276. Theorem. If t, r^ are integral tettarions, which do not all 

vanish, then the totality of tettarions yi Tj + .... Yn'^n where yi • • • • y* run 
independently through the range of all integral tettarions, is a poat-ideah 
The tettarions 1*2 .... r^ are said to form the basis. An ideal with one 
tettarion in its basis is a principal ideal. It is designated by (ry) or {y^Y 
Two ideals are equal if they contain the same tettarions. 

277. Theorem. Pre- (post-) associated tettarions generate the same prin- 
cipal post- (pre-) ideal. If two integral tettarions without zero-roots generate 
the same principal post- (pre-) ideal they are pre- (post-) associated. 

278. Theorem. Every pre- (post-) ideal generated by rational integral 
tettarions which do not all have zero-roots is a principal ideal. 

279. Definition. Nahideah contain only tettarions with zero-roots. 

280. Theorem, An ideal which is both pre-ideal and post-ideal cannot be 
a nul-ideal. 

281. Theorem. Every n given integral tettarions a, ^ . . . . /i which do not 
all have zero-roots possess a highest common divisor h which is expressible in 
the form 

5 = a^i -f- ^^2 + + fihf^ or 5 = Jja + h^P +••••+ ^nf* 

wherein j^ (t = 1 n) are definite integral tettarions. Every pre- (post-) 

divisor of j is a common divisor of a fi and conversely. Moreover h is 

determined to a factor which is a post- (pre-) unit-tettarion. 

282. Theorem. If a and ^ have no common pre- (post-) factor, then two 
tettarions y^ 6 may be found such that 

ay + |3e=l or ya + d/?=l 
If a and (i have a common factor these equations cannot be solved. If a and 
P have a common divisor which is not a unit-tettarion then N{a) and N{P) 
have a common divisor other than unity. The converse of this theorem and 
the theorem iniply each other if one of the tettarions is real, that is, of the 

form a X Cii. 
1=1 

283. Definition. An integral tettarion which is not a unit-tettarion nor has 
zero-roots is prime if it cannot be expressed as the product of two integral 
tettarions neither of which is a unit tettarion. 

284. Theorem. The necessary and sufficient condition that 7t is a prime 
tettarion is that its norm N (n) is a rational prime number. There are 

^ different primary primes of norm p. 

285. Theorem. If 8 is an integral tettarion of the form 2 dn e^ and if 
N{8)=:p^q^ . . . .r, where p, q. . > -t are distinct primes, not including unity, 
then S can be factored into the form 

— Ttj • • • • 7t(i Xj . • • • Xjfj .... *t^ . . . • *§f^ 
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where Ttj . . . . Tt^ are primary prime tettarious of norm p, xj x^ are primary 

prime tettarions of norm q^ '''i* • • •'^n are primary prime tettarions of norm 

t^ all being of the form 

286. Definition. An integral tettarion is primitive if its coordinates have no 
common divisor other than unity. It is primitive to an integer m when its 
coordinates are all prime to tn. 

Every primary tettarion is also primitive. 

S!87, Theorem. Let ^ be a primitive integral tettarion and 

N{y)—pf^q[^ a^ 

where p^q 1 are the prime factors of ^(^). Then y can be decomposed in 

only one way into the form 

where e is a unit tettarion, and ni t^ are prime tettarions of norm p^ 

Xx . . . . Xg, are prime tettarions of norm 9, • • • • Ti r^. are prime tettarions of 

norm t. The product of each I successive factors is primary, where 

Z = 1 . . • . a^ (f = 1 . . . . n) 

288. Definition. If ai, oc^ a^ are 8 integral tettarions of equal norms 

N{a^ = N{a^ =: N{a^j and if ai oc^ . . • -a^ = iV'(ai), then these tettarions 

are semi-conjugate. 

289. Theorem. A product of any number of prime tettarions of forms 
2c2|(e4i is a primitive tettarion of the same form if among the factors no a of 
them are semi-conjugate. 

290. Theorem. A product of primary prime tettarions ni 7i^^ where 

iV'(9f|) =Pf (t = 1 n) p^ being distinct primes, is always a primitive 

tettarion. 

291. Definition. Two given tettarions a and ^ are pre- {post) congruent to 
a modulus y, if their difference a — j3 is pre- (post-) divisible by y. This con- 
gruence is indicated by 

a = P (mod y, pre) 

or 

a = P (mod y, post) 

There is then an integral tettarion ^ such that 

a — /? = yf or ^y 

292. Theorem. If a and /? are pre- (post-) congruent modulo y, they are 
also pre- (post-) congruent for any tettarion post- (pre-) associated with y, as 
modulus. 



NUMBER THEORY OF ALGEBRAS 67 

293. Theorems. If a = T /if = r then a = ^ (mod 9^) 

If a = r ^ = a then a± P = r±a (mod y) 

If a = /? then ra = r/? (mod y, post) 

If a = /? then ar=/?T (mod y, pre) 

If y^ = -^^y a = /? then a4> = /J^' (mod y, post) 

If a = /? e = 3 yfi = ^r then ea = 5i3 (mod y, poet) 

894. Definition. Two tettarions a, /? are congruent as to a rational integer 
m 4= 0, when a — /? is divisible by m, indicated bj a = j9 (mod m). In this 
case for each pair of coordinates we have a^j = bij (mod m). A complete 
system of residues consists of m'^ tettarions, obtained by setting each coordinate 
independently equal to each one of a complete set of residues modulo m. 

296. Theorems. A tettarion congruence modulo m, a rational integer can 
be divided by an integral tettarion ^, without altering the modulus only if 
N{i^ is prime to m. 

A sufficient condition for the solubility of the congruence a^ = P (mod m) 
by an integral tettarion ^ is that N{a) is prime to m. If this condition is ful- 
filled the congruence possesses one and only one solution | (mod m), namely, 

1 = r — ^ ^ (mod m), where r is a root of r . N{a) = 1 (mod m). 

896. Definitions. A tettarion with zero roots and nullity a — r is paeudo- 

r 

real if it is of the form c2]| 2 ^n, r < «• A tettarion with zero-roots, of the form 

1=1 

2 1^ Cfj where <^ = for / = r + 1 • • • • ^1 is singular or non'singtUar according 
as its rank is less than or equal to r. The product of the first r latent roots 
of a tettarion of this kind is called its paeudomarm N'. A tettarion of the type 

2 <{i ^a is never singular. When a tettarion is singular its pseudo-norm is zero. 

897. Theorem. If a and fi are two integral tettarions in which coordinates 
of the form <^ = for y = r + 1 a, and if a is pre-reduced, fi is pseudo- 
real, and 4^ 0, then two tettarions of the same type ^ and 17, may always be 

found such that either 

a = /i.^ >7 = 

a =/t£^ + a 

where the pseudo-norm of a satisfies the conditions 

0<\N'ia)\<\N'{ii)\ = \im,,y\ 

If T and ^ are two integral pre-reduced tettarions of the same type as 
a, (i above, and (i is non-singular, then there are always two other pre-reduced 
tettarions of this type ^ and 97 such that 

r = q^ yj — 

^^ r=:q^ + n and 0< |Ar'(>7)|< |Ar'(^)| 

Every non-singular post-ideal based on tettarions of this type is a princi- 
pal ideal. 
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XL FUNCTION THEOBT OF ALOEBSAS. 

298. Definition. In §58, chapter II, we have for any analytic function of ^, 

F.^=:^^[F.g,x, + F'g,<P,+^'^,^ 

This definition gives a complete theory, if the roots may be treated as known. 
Other definitions are given below.^ 

299. Definition. 2 a, ^ defines an analytic function of ^, if the roots of the 

CO 

characteristic equation of ^ converge in the circle defined by X a^^, where sis 
an ordinary complex number. 

+ 00 

S a^ ^ defines a function of ^, if ^"^ exists, and if the roots of the char- 

— OD 

CO OD 

acteristic equation of f converge in the circlei^ of 2 a^ 8f and 2 a_y sr^. 

300. Definition. Let 

/=2«^i(xi Xr) » = l....r 

and let 

dx = 2^1 dx^ 
Then 

df=^x'^.dXf,e^ = f.dx = dx.'/ 

dxi 

If ^ = yi> then / is an analytic function • when /' . y = y • '/. 

301. Theorem. The algebra must contain for every number ti, a number 
17 such that uy =: yv for every y. 

302. Theorem. In a commutative algebra the necessary and suflScien 
condition of analytic functions is 

303. Theorem. The derivative of an analytic function is an analytic fi 
tion. If two analytic functions have the same derivative, they differ only 
a constant. 

304. Theorem. An analytic function is a differential coefficient, only 
the algebra is associative, distributive, and commutative. 

305. Theorem. If ti and v are analytic, uv and — are analytic. 

1 Frobshiub 1 ; Buohhsim 7 ; Stltsstsb 4 ; Tabsb 6, 7. * Wi 

•ScHBFFBBS 8. Applies to $$800-806. 
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806. Theorem. If /(px) = f{x\ then f{x) is a constant. 

307. Theorem. For a Weierstrass commutative algebra, let Oi^ &< be in 
the i'ih elementary algebra, and 

a = S a^ 6 = 2 ii 
Then a ± 6 = 2 (a* ± i<) a6 = 2 a< ft< -^ = 2 --r- , if 6 is not a nilfactor. 

If 6< = 0, for » = 1 t'l, 6< :#: i>ii 

and if a^ = 0, for i = 1 ii 

then -, = 2 -J- » > »i 

In any other case the division of a by 5 gives an infinity} 

308. Theorem. The sum, difference, product, and quotient of two poly- 
nomials is formed as in ordinary algebra. 

309. Theorem. The number of solutions of an algebraic equation of degree 
p is N:=zp^\ when each elementary algebra is of order two. 

If Ti of the elementary algebras are of order one, and r — fi of order 
two, N^^p^. 

In any case the number of infinities and roots is j/. The number of roots 
is infinite if, and only if, the coefficients are multiples of the same nilfactor.^ 

310. Theorem. A polynomial F{i^) can not vanish for every value of ^ 
unless its coefficients all vanish. 

Two polynomials equal to each other for every value of ^, must have 
the coefficients of like powers of ^ equal. 

311. Theorem. If an algebraic polynomial F{i^ is divided by ^ — ^, ^' 
being a root, the degree is reduced to {p — 1) andp**" — {p — l)**" roots have 
been removed. 

In ordinary complex algebra r = 2, p^ — (p — l)**" = 1. 

312. Theorem. If two polynomials have a common root, ^, they have a 
common divisor ^ — f '. 

313. Theorem. If F{i^) is differentiated as if f were an ordinary quantity, 
giving F^ (f ), then the necessary and sufficient condition that there is a system 
of roots of F{Q, having just p equal roots, is that F' (^ has at least one 
system of roots of which p — 1 are this same equal root, and that no system of 
roots of F'{^) has this root more than p — 1 times. F{^ and F' {1^) have 
therefore the common divisor (^ — ^O**"^- 

314. Theorem. It is not always possible to break up L jl. into partial frac- 
tions. 



iBsRLOTT 1. Applies to §§807-815. >Weibrstbas8 2. 

6 
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315. Theorem. If ^ is considered to be written in the form ^z^XZiXi^ 
where i = 1 . . . . rj, and z, is any real or complex number, the whole theory of 
functions of a complex variable may be extended to numbers which are not 
nilfactors. If there are nilfactors^ meromorphic functions must be treated 
specially. We have 

316. The treatment of quaternion and biquaternion differentials, integrals, 
and functions may be found in the treatises on these subjects and references 
there given ; references are also given at the end of this memoir. The general 
principles of such forms may easily be extended to any algebra. Differentia- 
tion and integration along a line, over a surface, etc., may also be found in 
the appropriate treatises. 

The problem of extending monogeneity to functions of numbers in 
quadrate algebras has been handled recently by Autonne.^ His results are 
as follows : 

Let ^ be any number in an algebra, and let H be a number whose 
coordinates are functions of those of ^. The index of monogeneity N is the 

N 

minimum number of terms necessary to write dH in the form Z Ci . d^ . t«, 

i = i 

wherein Ci and r< are functions of $. If we write v = 2 «i^— , we have in all 

cases (2B = /. c2i^V- H = T(c2£). The Jacobian of the coordinates of E is 
then iw^(T). 

l....r 

If now we put T = 2 to« JSTj^, where -fi]fci = «A()ci, we may find the 

scalars Wki uniquely if the algebra is a quadrate.^ For, indicating quadrate 
units by a double suffix, and writing n^ = r, 

and if we operate on e^j^ and take /. e^ () over the result, 

l....r 

If we put ^f =z 2 Wi,i . ejf hi 0, or in the case of a quadrate, 

]•• ••fi 

then the rank^ that is, n — r, where v is the nullity of V, is the index of 
monogeneity, N. N is invariant for a change of basis. 

The transverse of V corresponds to interchanging Ci and t«. For 

™ ^^ i lefi 1 €^4jt . ej^ ACdd ^^ ^ -^^u "^^li * ^ "^^u 
and lejf^ Te^ = trj^^. 

1 AuTOHm 5| 6. * Hausdobvv 1. 
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Let P = 2 c^ /^ (e, f ), the ^f forming a f-pair. Then P = P, and we 

have 

PT = 2tr«2 6,/n^i^*()^iO 

^ = 2 «>« 2 «, /C( . I^ (eiCie^e* 
PT = 2 Wai 2 Ci /e, . J^ (c< c, Cf «fc ^) 

Hence PT = TP = PT if * = *, and conversely. Again PT = PH/v, 
therefore if PT = TP we have 

PS/v = V/PB 
Operating on d!^, we have 

d . PB = V^i^^B = vindP>i 

Hence if >; = P^, IHdvi is an exact differential. Thus if "9 is self-transverse, 
IBdrt is an exact differential and conversely. 

When N^\f we have H in one of the four following types : 

I. B = E^A + M (E, A, M, constant) 

II. B = 2 Z (^ea) «a (Z arbitrary) 

i-i 

III. B = 2 «« Z («a f ) (Z arbitrary) 

l*«..f| 



IV. a = 2 ei/y*>7i (0 i>i (0 dt 



< = 'ij/ [/. a (eii 5) /.a (c^^ f)]i a^d ^i//, >7<, jp^ are arbitrary scalar 

functions oil] a is any constant number. 
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Xn. O&OUF THEOBT OF ALGEBRAS. 

317. This part of the subject is practically undeveloped, although certain 
results in groups are at once transferable to algebras. A considerable body 
of theorems may thus be got together, especially for the quadrates. For 
example, the groups of binary linear homogeneous substitutions lead at once 
to quaternion groups, ternary linear homogeneous substitutions to nonion 
groups, etc. It is to be hoped that this branch may be soon completed.^ 

318. Definition. A group of quaternions is a set of quaternions 9i • • • • ^n f 
such that 

qT* = i qiqj = qk hJ=^ — ^ 

rrii is a positive integer, and h has any value 1, 2 n. The quaternions 

give real^ complex^ or congruence groups according as the coordinates are real, 
complex, or in an abstract field. 

319. TheorenL To every quaternion 5^ = w + « + y/ + «* corresponds 
the linear homogeneous substitution 



/w+z^/ — 1 — y-^-xs/ — 1\ 
xy+xV — 1 w — z V — 1/ 

and conversely. The determinant of the substitution is T'^q. To the product 
of two quaternions ^, r, corresponds the product of the substitutions. 

320. Theorem. To every group of binary linear homogeneous substitutions 
corresponds a quaternion group, and conversely. To every group of binary 
linear fractional unimodular substitutions corresponds a group of quaternions 
multiply isomorphic with it, and to every quaternion group corresponds a 
group of binary linear fractional unimodular substitutions, the latter not 
always distinct for different quaternion groups. 

321. Theorem. To every quaternion of tensor Tq corresponds a Gtiussian 
operator Tq.q{) q"^ = (r^, and conversely. 

If 5 . r = 5, then O^. Or=' G^. 

Hence groups of these Gaussian operators are isomorphic with quaternion 
groups, and conversely, but the isomorphism is not one-to-one. 

322. Theorem. To every imit quaternion ^, there corresponds a rotator 
i2^ = ^ () q"^^ and conversely, the same rotator corresponding to more than 
one quaternion. 

Likewise a reflector i2^ = — q{) g~*, and conversely. 
Further, for any fixed quaternion a admitting of a reciprocal, there cor- 
responds the a-transverae of ^, 

- - - Tf = aqar^ 

1 Cf . Lauiuiht 8, 4. 
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Thus if qr = «, 

R^.Rr = R, R,.lir = -R, r?»>.rj= ri«> 

Thus to every group of quaternions qi y„ , corresponds the rotator group 

Rq, Rq,; the reflector group db 5^ , =b J?^, =t ^^» ; and the transverse 

groups rj^ T^q^. If a = 1, the transverse group is the group of conju- 
gates; and if aS!z = 0, we have a group of transverses in the matrix sense. 

323. Theorem. If we consider that q and — q are to he equivalent, 9= — q^ 
then the rotation groups give the quaternion groups as follows: 

To On corresponds kw ^ r — 1 n 

61* 
D^ corresponds kn, i, r = 1 n 

T corresponds 1, t,y, k, (1 d= t±y ± k) 

corresponds 1, t5, ji, kj, ^ (1 ± i ±:j±:k) 

4V5(i=fcy), 4V5(y=bA:), iV2(A:=b») r=l, 2, 8 

r . jZh .jih k 6 (i + 2A; COS 72°) A; 6" 

/ corresponds Att, jkj , Vl + 4cos « 72° 

^'y(l HiiA;cos72°)g' ^i, A' F = 1 . . . . 6 

Vl+4cos«72° ' ' 

324. Theorem. To the extended polyhedral groups correspond the follow- 
ing five quaternion groups : 

To Cr corresponds the group ky, of order r, {k any unit vector, 
n = 1 . . . . r). 

To Dl corresponds the group ki i^, of order 4r, (/StA;= 0, t^ = — 1, 
n=l....r; A=l.... 4). 

To T corresponds the group of order 24 : ±1, ± i, ± /, ± A;, 
i(± 1 ibt dby ±A;). 

To Cy corresponds the group of order 48: ± 1, ± i, ± J, :h k, 

i{±l±i±jztk) iV5 (± 1 ifc t) i V2 (=t 1 i: j) 

iV2(=fcl±A:) 4V5(± tzby) ^^^{±j±k) 
i V5 ( =b A; d= i) 

To /' corresponds the group of order^ 120 : ± kr^ ±jkT, 
±1 k6 {% + G )7f ) A; F db ki {i + uk)JkT 

where 

n,fi = l 5 n+« = ± 1,± 2 (mod 6) 0= 2cos 72° = J (— 1 +V5) 

^ Cf. Stuikgham 8. 
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325. Theorem. Combinations of rotations and reflections give the poly- 
hedral and the crystallographic groups. Thus we have correspondences : 

Cy =zhT Ok"!- n:=l.... r 

Dr =Ajv()A;~r iQi'^ n=l.... r 

T =1 kQk'^ iQi'^ joj'^ (i±f±y±*)()(i±»±y±*)-^ 

=1 i()t-^ yoy-i kOk-' (i±»±y±*)()(i±»±y=bA:)-* 

(1 ± i) (1 ± iy' (1 ±y) (1 ±y)-^ (i ± *) o (i ± Jcy^ 

{i ± y) ( t ±y)-^ (y ± ^) (i ± *)-^ (* ± () (a. ± i)-^ 

/ = ^^« k-^ y oy-i (t + 2 cos 72° &) () {% + 2 cos 72^ ky^ 

and their combinations. 



r+l ,v , _r+l 



.2r 
. r 
. r 
.2r 
. r 
. r 



C^' = Z:y ^""7 — & A;"^ and combinations A = l . , 

Cy'' = A; r A;"" r — i{) i"^ and combinations 7i = 1 . . 

Dl = [ — iV ()A;~"^] »() t"^ and combinations A = l . . 

Z)^' = A;t A;"" 7 — A; () A;""^ % () i"^ and combinations A z=: 1 . . 

Z)^" = Ajr A:"" 7 — a a""^ '^'O*"* oLlk and combinations A = 1 . . 

mr — y _ 'p 

T' = T [— (i— y) (i— y)-^ and combinations 

(y = -0 

/' =/ — / 

326. Theorem. If aS'. £ = f, 6*^ =1 ; then the product of each group in §324 
into the cyclic group of b^ gives a group of quaternions. 

327. Groups of quaternions whose coordinates are in an abstract field, 
remain to be investigated. 

328. Theorem. The continuous groups^ of quaternions are as follows: 



All quaternions. 

All unit quaternions. 

Quaternions of the form to -j- a:^ + y^ 5 /Si* ^ = = y. 



(1 

(2 
(3 
(4 
(5 
(6 

(7 

(8 

(9 

(10) The quaternions <«+» i (1 + V— li) + f\{\ — V— 1 i). 

1 ScBirvBBS 7. 



Quaternions of the form w + y^; (^ may ^J+ V — 1 k). 
Quaternions on the same axis, to + xi. 
Scalars, w. 

The quaternions f+^ i (1 + V^H •) + <•»(! — V^l t) + y^, 

t arbitrary. 
The quaternions e^ + te^^. 
The quaternions l+y3. 



:u% 
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GENERAL THEOBT OF ALGEBRA. 



329. While this memoir is particularly coDcerned with associative linear 
algebra, it is nevertheless necessary, in order to place the subject in its proper 
perspective, to give a brief account of what is here called, for lack of a better 
title, the general theory of algebra. 

The foundations of mathematics consist of two classes of things — the 
elementa out of which are built the structures of mathematics, and the processes 
by which they are built. The primary question for the logician is : What are 
the primordial elements of mathematics? He proceeds to reduce these to 
so-called logxcal constants : ^ implication^ relation of a term to its class, notion of 
such that, notion of relation, and such further notions as are involved in formal 
implication, viz., propositional function, class, denoting, and any or every term. 
To the mathematician these elements do not convey much information as to 
the processes of mathematics. The life of mathematics is the derivation of 
one thing from others, the transition from data to things that follow according 
to given processes of transition. 

For example, consider the notions 3, 4, 7. We may say that we have 
here a case of correspondence, namely to the two notions 3, 4 corresponds the 
notion 7. But by a different kind of correspondence, to 3, 4 corresponds 12 ; 
or by other correspondences 81, or ^S, and so on. Now it is true that in 
each case here mentioned we have a kind of correspondence, but these kinds of 
correspondence are different, and herein lies the fact that all correspondences 
are processes. Equally, if we say that we have cases of relations, — that 
3, 4, 7 stand in one relationship ; 3, 4, 12 in another, etc. — these relations are 
different, and the generic term for all of them is process. The psychological 
fact that we may associate ideas together, and call such association, corres- 
pondence, or relationship, functionality, or like terms, should not obscure the 
mathematical fact, which is equally psychological, that we may pass from a 
set of ideas to a different idea, or set of ideas, — a mental phenomenon which we 
may call inference, deduction, implication, etc. We therefore shall consider 
that any definite rule or method of starting from a set of ideas and arriving 
at another idea or set of ideas is a mathematical process, if any person 
acquainted with the ideas entering the process and who clearly understands 
the process, would arrive at the same goal. 

Thus, all persons would say that 3 added to 4 gives 7, 3 multiplied by 4 
gives 13, etc., wherein the words add, multiply, etc., indicate definite processes. 

330. Definition. A mathematical process is defined thus : 

I. Let there be a class of entities \a\. 
II. Let there be chosen from this class n — 1 entities, in order ai,a2' • - •«„-.!• 
III. Let these entities in this order define a method, F, of selecting an 
entity, a^, from the set. 

Then F{ai, a^ «n-ii «n) is said to represent a mathematical process. 

^ B. RU88BLL 1, p. 106. 
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The entities a^ . . . . a^-i are called the first, second (n — l)-th 

facients of the process. The entity a^ is called the result. Occasionally this 
process has been called multiplication, a^ . • . . a^^ihevng called factors. 

331. The class of entities \a\ may be finite or transfinite. If transfinite 
they may be capable of order, and may be ordered, or they may be chaotic. 
It is not known whether there is any class incapable of being ordered, or not. 

The number n may be any number, finite or transfinite, of a Cantor 
ordinal series of numbers. 

332. Definition. Let us suppose, in the process F{ai, a^ On-ii Oi ^hat 

a„ is known, but a^ [l <r<n — 1] is not known. We may conceive that by 
some process F^, we can find a^, the order of the known terms being, let us 
say, 

where tj, ^ . . . . i'n-i are the subscripts 1, 2 r — 1, r + 1 n in some 

order, so that 

F^ is called a correlative process, the c-correlative of F. The process F is uni- 
form when, for all correlative processes, a^ is determined uniquely. 

333. Theorem. There are for F^ n! correlative processes, including F. 

We may designate these by the substitutions of the symmetric group on n 

things ; so that if we have 

-^(«ii <hf<h «») 

then we also have 

where a is the substitution 



/1 , 2, 8 n\ 

^*i I Hj H • • • • K^ 



334. Theorem. Evidently the o'l-correlative of the o^jr^^fral&ti^^ ^^^ ^^ the 
(Ts-correlative of i^, where 

(T J = Ci c^ 

We write, therefore, F^-i ^-i = F^-i = F^^^^-i . 
The correlatives thus form a group of order n / . 

335. Examples. 

(1) Let as be tax-payer, aj be boy, a^ovoner of a dog, then 
F {cLi a^a^): a boy who owns a dog pays taxes. 

^(le) (^1 ^ ^s) ' the possession of a dog by the boy requires payment 

of the tax. 
^(18) (% ^ ^) • th^ t^x on a dog is paid by the boy. 
F^2S) (^1 ^2 ^s) • th^ ^y P^ys taxes on the dog he owns. 
jF(128) («i «2 ^a) • the tax paid by the boy is on a dog. 
^im) (^1 ^2 ^) • the dog requires that a tax be paid by the boy. 

(2) Let ai, Og, 03 be numbers ; ^(a^OgOs) mean a^ is the ai power of Os. 
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Then F^^) (aiO^Oi) means ag is the logO] power of the exponential of a|. 
F(i9) {ui as as) means a^ is the quotient of log Og by log Os. 
"^(28) (^1 ^ ^) nieans a, is the a^ root of ag. 

-^(123) (^1 <h ^) means a, is the log a, power of the exponential of — . 

^aas«(^i^2^) nieans ai is log a^ on the base ag. 

336. Theorem. The correlatives of F fall into sub-groups corresponding to 
the sub-groups of the group G^t • 

387. Definition. It may happen that in a given process, F, we may have 
simultaneously for all values of aj a^-i 

F{aij «« «n) (1) 

^K,i ^u ^n) (2) 

Since we must have from (1) JF^-i (a^^, a^^ a„) we must identify F and 

-F^-i, or as we may write it, i^= F^-i . The correlatives will break up then 

into— groups where m is the order of the substitution a. We call these 

cases limitation-types of F. 

Examples. For F(ai a^) we have but one case : F=: F^ig^ . 
For F{ai a^ Og) we have five types : 

(1) F=zF^^. This is the familiar commutativity of ordinary algebra. 
It follows that 

-M18) ^ J'cBS) -^(128) = -^(188) 

(2) F=2 F^^s)9 whence F,^^ = F^^^ , i^^j = F^^ 

(3) ^= ^0B8), whence F^ = F^^a^, J^jg) = ^i») 

(4) J'rr ^(,388) = J^iag), whence J^^^) = JP^^s) = -^(28) 

(5) ^= JP'dg) = F^isi ~ ^m = -^(128) = -^(188) 

For J'Cai o^ as ^4) we have twenty-nine types corresponding to the sub- 
groups of the group O^, : 

(1) F= F,^ (2) F= F,^ (3) F= F,,^ 

(4) F= F,^, (5) F= F^, (6) i?^= F^, 

(7) JP'=JP'(i2)(84) (8) -^=^(18) (24) (9) -^=^14) CO) 

10) JP'= JP'gga) =i^(ia2) (11) ^ = ^(124) = -^(142) (12) -y'= -y'(184)=-^(l48) 

13) ^= ^(281) = -^(243) (14) F = -^(1184) = -^(18) (84) = -^(1488) 

15) -T = ^(,ji4) = ^(12) (84) = -^(1428) (l^) ^ = -^^(1842) = -^(14) (28) = -M1248) 

17) -?"= JP'dg) = -^(84) = -^(12) (84) (18) F = -F(i8) = -^124) = -^(18) (24) 

19) jp^= F(i^^ = JP{23) = -^(14) (28) (20) -F= JP{j2) (84) = -^(18) (24) = -^(14) (23) 

[21) F= i^(j2, = i^(i3j = JP'^gS) = -^^(128) = ^(182) 

22) -r = -F(,2, = -^(14) = /^(84) = JP^(i24) = JP^(i42) 

23) -F= JP'da) = i^(i4) = -^"(34, = Fj,84) = JP^,48, 

24) F= F^^) = J^(24) = -^(84) = -^(284) = -^(243) 

25) ^= -T^is^ = -^(24, = i^(i3) (24) = -''(1284) ^^ -MI2) (34) = -^(1483) ^^ -^(14) (23) 

26) -r = F^y2) = -^(84) = -MW)(84) = -^(1324) ^^ -MW) (24) = -^(1428) =^ -^a4) (28) 

27) -T = -^^4) = ^^28) =^ -^(12) (84) ^^ -^(1423) = -^04) («) ^^ -^(1884) = -^(18) CM) 
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(28) -r = -^(12) (S4) = -^08) («4) = -^(28) 04) ^^ -^02© ^^ -^(188) = -^(124) = -^ri42) 

^= -^(184) = -M148) ^^ -^(284) ^ -M248) 

(29) i?'=all 

338. Theorem. It is evident that every group defines a limitation type for 
an operation F of some degree. 

339. Definitions. Suppose that in a process all the elements but two are 
fixed, and that these two vary subject to the process. Then the ranges of 
values of these two are said to form an involution of order one. If all but 
three elements are fixed, the ranges of these three form an involution of order 
tvx). Similar definitions may be given for involutions of higher order. 

An involution of order r is often called an implicit function of r + 1 
variables. The symbol consisting of the process symbol and the constant 
elements is called an operator. 

If in any involution of order one the two elements become identical so 
that they have the same range, for any given set of constant elements, then 
this set of constant elements constitutes a multiplex modulus for the process. 

For example, in multiplication F . {ah = h) when a is 1. A similar defini- 
tion holds for higher involutions. 

If in any involution of order r, the constant terms determine an involu- 
tion whose terms may be any elements of the set, then the constant terms 
constitute a zero for the process. For example, if F . (Oa = 0), for all a, is a 
zero for multiplication. An infinity is, under this definition, also a zero. 

We have seen that there co-exist with any process -F certain other correla- 
tive processes on the same elements. These give us a set of co-existences 
called fundamental identities ; but we may have co-existent processes which 
are not correlatives. In the most general case let us suppose that we have 

F . ajiai2- • • -ciinj F •02x0^- • * '^214 F^" •a^^i^i ^r-1,2 • • • -^r-i, n,._j 

and that when these processes exist, then we have F^^^ .a^a^... .a^r • 

We say that F^^^ is the implication of the r — 1 processes preceding. We 

enter here upon the study of logic proper. For example, if the processes are 

F'.ab F^'.bc Ff".ac 

we have the ordinary syllogism. 

We may symbolize this definition by the statement 

d) F' F'^ . . J?'(»--i) F^""^ 

and we see then that the form is again that of a process <I>. 

We can not enter on the discussion of these cases beyond the single type 
we need, called the associative law. 

Let F be such that for every a, 6, c, we have 

F. abd F .dee F . beg then F. age 

then F is called associative. The law is usually written ab .c:=a.bc 
Processes subject to this law are the basis o( associative algebras.^ 

> CL SoHBOSDSB 1; BU88SLL 1, 8; Hathawat 1. 



PART 11. PARTICULAR ALGEBRAS. 
. XIV. COMPLEX NUMBERS. 

340. Definitions. The algebra of ordinary complex numbers possesses two 
qualitative units, e^= 1^ and ei^ such that 

The field of coordinates is the field of positive and negative numbers. The 
field naturally admits of addition of the units or marks. 

341. Theorem. Tho characteristic equation of the algebra, as well as the 

general equation, is 

^^ — 2x^ + a? + f/^=0 

or 



— y «^— f 



= 



Hence for any two numbers 

^'cr + crf— 2x(r — 23/? +2xa/+ 2yy= 
or 

^a — xa — xf^ + xxf + yj/ :=z 

The characteristic equation is irreducible in the field of coordinates, but 
in the algebra may be written 

(^ — a:^ — y^i) (? — a^o + y^i) = 

The numbers ^ = xeo + yci and K^ = ^ = xc^, — yci are called conjugates. 
Hence ^^ — 2x^ + ai* + y^ = has the two solutions ^, K^, or (f — ^ 
{^ — K^) are its factors. 

342. Theorem. If several algebras of this kind are added (in the sense 
defined by Scheffers) we arrive at a Weierstrass commutative algebra. 

343. Theorem. If the coordinates are arithmetical numbers we must 
write this algebra as a cyclic algebra of four qualitative units 

^ ^1 62 eg 
where 

In this case the units €q and e^ are not independent in the field, and com- 
bine, by addition, to give zero,^ and the algebra is of two dimensions. 



iStudt 8, and references there given; Bbmin 3; Bbllavitis 1-16; Bibliography of QuatsmioM. 

79 



80 SYNOPSIS OF LINEAR ASSOCIATIYB ALQBBRA 

XV. QUATEKNIONS. 

344. Definition. Quaternions is an algebra whose coordinate field is the 
field of positive and negative numbers, and whose multiplication table is 





% 


ei 


«8 


es 


fo 


^ 


<h. 


«« 


ea 


«1 


«l 


— «b 


«8 


— ^ 


«8 


«B 


«8 


«6 


ei 


«8 


<i 


e» 


«I 


— «6 



346. Theorem. The characteristic equation is 

^— 2x^^ + 4 + xi + 0^ + 4 = 
The characteristic function of ^ is 

e—^Xo^ + ^o + ^ + ^ + 4 
If we define the conjugate of ^ by 

then the characteristic function factors into (^ — f ) (^ — JSTf ). 

346. Theorem. The first derived characteristic function of i^ and a is 

This vanishes for ^ y y, 

347. Definitdon. Thescalarof ^is /S^ = Xo = i(^ + r). The tensor of ^ is 
given by (7'^» = fr=?f. 

348. Theoron. We have 

^r + r^- 2^S^— 2x8K + 2FF^F^' + 27FtF^ +2S(^i = Q 
if ^ = ^, and t = i^'; or if f = f, t = ^ ; also Sl^l< = /S^^'. 

349. Definitions. The versor of <^ is U^ = -^ The vector of ^ is 

860. Theorems. ? = -S?+ F^ ^^J^—V^ 

( T-O* = (?T)« = iS^' - ( FO' = ( W + ( rF^)« 

If /S'^=0 = /Sr <T = F<T f = F^ 

and F^.F(r = — F<yF^+2/S'.FaF^ 
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Also 



Also 



Then 



^ . Va}^-^ = — Ftf + 2 /S^ . F<r . ?-» + 2 f-» SKVa 

= _ F<y + 2 /S^ . F^ + 2 F . ^-» /S". ?F(T 

If a, P, Y ftro vectors, 
F . a F/5y = y/Slji/3 — ^Say F. aj3y = a/SJ^y — i3-S^a + y/Sx/? 

If 3 is a vector, 

«i&/8y = aS^yh + i^i^oi + ySa^h = Fa.S/Syi + F/?y/Sx3 + VyaS^h 

F Fo/S Fya = ISa^Y — Y^^^ = <^^?Y^ — P^Y^ 

If a, h, c, d, e are quaternions, let us use the notation 

B .ab = i (ab—ba) B!. ab = bSa—aSb 

B .abe = S . aBbc — V{aBbc + bBca + cBab) 



B .ab =B .S^=zV.VaVb = — B .ba 5.66 = 

S.aBbe = S . FoF6Fc= — *S6J?ac = etc. 
£ . abc = — B . bac = etc. 
/9 . aBbod = — S. bBacd = etc. 
eS . aBbcd = a;S . eBbcd— bS.eBcda + cS . eBdab — dS . eBabc 

= — Sde. Babe + Sae . Bbcd— Sbe . Bcda + See . J?<?a6 



J? . abBode = 



/Sbc /Siu? «Sbe 
^6c Sbd Sbe 



B'{BabeBdef) : 
B {BaboBdef) : 

B {Babe Bdef Bghi) = 



BefSaBbcd + B/dSaBbce + Bde SaBbcf 
— BefSaBbcd — B'/dSaBbce — B'tfo SaBbcf 

abc 
SaBdef SbBdef SeBdef 
SaBghi SbBghi ScBghi 

Saa', SbV, /S'cc' I = — SBabo Ba'b'd 

I Saa<, Sbb' I = SB'ab B'a'V— SBab Ba'V 
Saa', Sbb', Sod, Sdd'\ = — SaBbcd Sa' Bb'dd' 

The solution of the equation a^p +j)a2 = c is 

851. Definition. If the coordinate field contain the imaginary V — f, we 
may have for certain quaternions the equation 9* = 0, whence q = yB, 0*= 0, 
and y is any scalar. In this case there is an infinity of solutions of the equa- 
tion in the algebra. 
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Also if g'* — 2cco 2^ + ^ = 0, then q=^XQ + y$. 

The nilpotent 6 is always of the form a + V — 1 P, where 

Since V — 1 will not combine with positive or negative numbers by 
addition, we may say that this algebra is in reality the product* of real 
quaternions and the algebra of complex numbers, giving the multiplication 
table 

^0 ^1 ^ ^8 ^4 ^ ^6 ^7 



eg 

<?« 



^ 6| 62 ^ ^4 ^6 ^0 67 

^ — ^ C3 Cj 65 — ^4 Cff 6f 

^2 — ^ ^ ^1 ^« ^7 — ^4 ^6 

6^ ^5 ^fl Cff — €q — 61 — €2 — 6^ 

^5 — ^4 ^7 — ^6 — ^1 I ^0 — ^ I ^ 

^e — ^7 — ^i ^6 — ^ +^ +^ — ^1 



with equations of condition 

60 + 64 = 61 + 65=0 6i| + 6,= 

This algebra Hamilton called Biquaternions. 



^ + 67= 



352. Definition. The algebra X2109 >^i20i >Wioi ^ ^^^^ is ^ form to which 
real quaternions may be reduced by an imaginary transformation.^ By a 
rational transformation this becomes 



Jliio + '^ 



'110 



'^ ^0 + '^uo ^0 — '^uo 



References to the literature of quaternions would be too numerous to give 
in full. They may be found in the Bibliography of Quatemicns. In particu- 
lar may be mentioned the works of Hamiltok, Tait, and Joly. 

^ That is, any unit maj be represented by a doable symbol of two Independent entitles, the two sets 
of symbols combining Independently. 
• B. PxiBOS 8. 
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XVL ALTERNATE ALGEBRAS. 

L ALQBBRAS OF DBQREB TWO, WITH NO MODULUS. 

353. Definition. An alternate algebra is one in which the defining units 
are subject to the law 

The product e^e^ = ^ is variously defined. In the simplest cases ^ is taken 
equal to zero. 

354. IlieortiiL When e<ey + e^tfi = 0, »,y=l r, we have 

6? = 1= 1. . . .r 

f « = 0, f cr + or ^ = all values of ^, a 

^ a r = all values of f , cr, r 

For 

and^ 

^a .r = — ^•TO' = r.fo'= — r.f(T = 

355. Tbeorem. We may therefore select a certain set of r — m — h units, 

^1 . . . . ^r^m-kf whose products ^i^j^(i, y= 1 r — m — h) are such that at 

least one for each subscript does not vanish ; we may then choose for the next 
m units the m independent non-vanishing products of the first r—m — h 
units; finally, the last h units may be any numbers independent of each other 
and the first r — h units. We must have * 



2{ r — h)+l — V6 {r — h)+l 

or 

(r_m — Kf— {r + m—h)>0 

2. ORASSMANirS SYSTEM. 

356. Definition. The next type of alternate numbers is that of Grassmann's 
Auadehnungalehre. In this case there are m units which may be called funda- 
menial generators of the algebra, e^ . . . . e,,^. For them, but not necessarily for 
their products, the law e^ ej + e^ e< = {i, J=' 1 . . • . m) holds. They are 
associative, and consequently the product of tn + 1 numbers vanishes. There 
are r = 2^ — 1 products or units, €<, e^e^, e^^j^k^ etc. 

This algebra uses certain bilinear expressions called products, which do 
not follow the associative law^ and also certain regressive products, which do 
not follow this law, and which are multilinear expressions in the coordinates 
of the &ctor8.^ 

I BoKMWWMMB 8. Of. CiuOHT I9 3, 8 ; Scott 1, 2, 8. > Schxffxbs 8. 

*B«fereneet an too nameroat to be giTen hero. In particaUr tee Bibliography tf QuatemUms; 
GBABtMAn's works; Sohlsobl^s papers; Htdb 1, 2, 8, 4, 5, 8, 7, 8, 9; Beujjx 1; Whitbhbad 1. Cf. 
WiLaov-GiBBS 1 ; Jabxem 1. Works on Vtetar AnalytU are related to this subject and the next. 
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8. CLIFFORD ALOEBRAa 

357. DefinitioiL A type of alternates of much use, and which enables all 
the so-called products of the preceding class to be expressed easily, is that 
which may be called Clifford's Algebras. Any such algebra is defined by m 
generators ei. . . .e^ with the defining equations 

The order Ms r = 2*^. 

358. Tbeorem. If m = 2m\ m! an integer, the Clifford algebra of order 
2** = 4"^ is the product of m! quaternion algebras. If m = 2m' + 1, rn! an 
integer, the Clifford algebra of order 2"= 2*'*'+^ is the product of m' quater- 
nion algebras and the algebra^ 

359. DefinitioiL Since any product such as 

v^ 6/ • • • • o^ • • • • c^ • » • • 

may be reduced by successive transpositions to a product of order two lower 
for every such pair as 6|^. . . .e^^, it follows that in the product of n numbers 

^1 f,., where f < = 2 a:^«i, we may write 

b 1 b 2 ' ' • • b n ^ 'fi • b 1 • • • • b n T ^ii - 8 • b 1 • ' * * S n + • • ' • 

^ 2 'n— «• bl • • ' • bn 

The expression F^.^s ^^ ^^^ ^^^ of all expressions in the product ^i«*..^n 
which reduce to terms of order n — 2«. Evidently when n is even, the lowest 
sum is a scalar, T^; when n is odd, the lowest sum^ is 7j. 

360. Tbeorem. To reduce to a canonical (simplified) form any homo- 
geneous function of iV' of the m units, consisting of terms which are each the 
product of a scalar into n of the units (of order n, therefore), we proceed thus : 

Let q be the given function. Then by transposing the units^ we may 
reduce q to the form 

ff = — s'»i + 2" 

where tj is any given unit, and 5' (of order n — 1) is independent of j" (of 
order n) and of tj. We find easily 

Therefore 

The linear vector function 4> is self-transverse, has therefore real, mutually 
orthogonal axes. These are the units to be employed to reduce to the canon- 

>For ibis clais see Bibliography of Q^atemiotu\ in particular Clifford's works; Beez 1 ; Lipschitz 1; 
Jolt 6, 13, 35 ; Catlbt 6, 7. 

■TiBBBl. • Jolt 6. 
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ical form. For example, if q is of order 2, and the function is the general 
quadratic for N units, there are i N{N — 1) binary products. Then 

q = ^ih + ^ 

— ^i— Viqi Vq^i = — h«^+ Vj^^uf — — V^q Fj gtj = — 4>ti 

If ii is an axis of this equation so is ut^. Hence the quadratic takes the form 

where jp = J iVor J {If — 1) as iVis even or odd.^ 

361. Definition. Let K change the sign of every unit and reverse every 
product. Then if q is homogeneous, of order p, 

Hence ^. g, = =fc g, as jp=0 or 3 (mod 4) or = 1 or 2 (mod 4). 
Let /reverse the order of products, but not change signs, thus 

/. S'p = Jp if jp = 0, or 1 (mod 4) 
/. gp= — jp if jp= 2, or 3 (mod 4) 

Let J change the signs of units but not reverse terms. 

362. Ilieorem. K.pq = Kq.Kp I.pq — Iq.Ip /= JK= KJ 

J—Kl — IK K—IJ=lJI P — J^=.K^—\ 

368. Tbeorem. Let p be of order 2, q of order 3 ; then 

Hence, taking conjugates, 

— ?8i^ = — ^1 •JP8?8 + ^8 -JPaJs— ^s-ftft 
and 

This process may be applied to any case. 
364, Theorem. Let 

g = 5' + j'' K.q = qf—^f 

q.Kq=^-q"^ — {^q^^-^'^) 
Kq.q = q^'-gf'' + {q^^'-q^^q') 

Hence 

q.Kq = Kq.q if q' q^' — q^^ ^ = 

Let the parts of q be (according as their order =0, 1, 2, 3 mod 4) 

2 = 7(0) + 2(1) + 2(3) + ?(8) 

Then 

^ 9" = 2(0) 9(1) + 2(8) 2(8) + 2(0) 2(2) + 2(8) 2(i) 
and the condition above reduces to 

2(0) 2(1) — 2(1) 2(0) = 2(2) 2(8) — 2(8) 2(2) 2(0) 2(2) ~ 2(2) 2(0) = 2(D 2(8) — 2(8^ 2(i) 

or 

^(8) (2(0) 2(1) — 2(2) 2(8)) = ^(0) (2(0) 2(2) — 2(i) 2(8)) = 

I Jolt 8. Thii reference applies to the following sections, 

6 
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When this is satisfied 

qKq = 7(0) (^^J) — 9(?) — ?|) + q^) + 2 F^g, {q^^^ g^, — q,y^ q^) 

This is a scalar if "F^q) = ^o ^^^ ^(S) = 0. 

365. Tbeorem. q. fq = Iq .q if 

^(0) (S'(0) ?(») — O'cs) O'd)) = = 7(1) (q^(o) Q'w — ?») 9a)) 

866. Tbeorem. Let P=qpq~^f where q is any number, possibly non 
homogeneous. Then P=iV^^^.P if qKq and qlq are scalars. 
But 7(1) may not =7i. For example, let 



• • 



q = cos u . %ii2 + Bin u . i^%^%^%^ 
gr-^ = — cos u . %ii2 + sin u . i^i^ i^ i^ 
g^ = — cos* u + sin* w + 2 sin u cos u tj i^ ig I'i h h 

p = »i, Hf is, \, Hi h, then 

P = ^h A —3% —A —A — ?**• 
which are of the form V^i) z= 7i + 75. 

867. Tbeorem. An operator q{)q^^ can be found which will convert the 
orthogonal set hi h • • • - ^ ^^^^ ^^y other orthogonal set jiyj^ * » > - Jn] namely, 

— 2^a h + ^^JsJt h h — 222^,^e^u ^uhh+ 

where 

9, <, u.... = l, 2....n 8 ^t^u^ . . . . 

If qpq^^ ^^PPP"^ ^^r all values of p, a vector, then g^ is a scalar multiple 
of p. q may be written 

S'ls^M • • • • 921-1. ti 

where 27= n orn — 1 as n is even or odd, and 

^12 = COR i ti]2 + ^1 h sin i ti,2i ®t<5. 
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XVn. BIQUATEBNIONB OB OCTONIOinS. 

368. DefinitioiL Besides Hamilton's biquaternions, two algebras haye 
received this name. One is the product of real quaternions and the algebra 
(\: ^ = e^ = e{, e^e|=e|€b = eji; the other is the product of real quater- 
nions and the algebra ^ 6j| : 6^ = e^, e^ ^^^ = ^i 6^ = e?!, ^ = 0. 

309. DefinitiomL Let A' = ; let 9, r be real quaternions ; £i is commu- 
tative with all numbers ; 9 = + ^9 r=2a + y. Then the octonion Q is 
given by 

We call q the axial of Q^ Hr the converter of Q. The axie^irection of Q is 
UYq. The perpendicular of © is w=:F. crci-^ The rotor of Q \&Vq\ the 
laiOT i« Fr; the motor ^ Vq + HFr. The ordinary scalar is iSj^; the ecalar-con- 
verter is AiSr; the oonMrt is JSfr. 
We write 

8. Q = Sr M.Q=iM,Q + £lmQ S. Q=S^Q + a8Q 

Let q^r, Q be the conjugates of q, r, Q, also designated by Kq^ Kr, KQ. 

We define 

KQ = Kq + £lKr, or ^=q + ar 

The teneora of g and r are 7^, TV ; the veraors, Uq, Ur : 

The augmenter of g is TQ= Tq {\ -{- ClSrq'-^)= T^Q.T^ Q= T^ Q (1 +£UQ). 

The tenaor of Q is 71 Q. 

The acWi<or of © is TJ g = 1 + n^Sr^r-^ 

The pitch of Q\BtQ = S. rq-K TJ g = 1 + £ltQ. 

The <twter of © is UQ= Uq (1 + HFrg-^) =U^Q .U^Q, 

The rer/?or of C is I7i Q = Uq. 

The translator of C is ^j G = 1 + HFrj-^ 

JSence 

e=^iG.7'fe- cr,Q. Dig 

870. Theorem. Octonions may be combiDed under all the laws of quater- 
nions, regard being given to the character of II. 

871. !nieorem. If Q, i2 be given octonions 

Q-\-R = X QE=T 

and if e is any lator ; then if 

Q^=Q+ ClMeMQ B'=zB + ClMeMR 

X'= X + CiMeMX 7'= T + £lMeMY 

then 

iClifvobd 1, 4 ; M*AULAT 3, which appHei to teetioni followiog; Combbbiag 1, 3; Study 4, 5 
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the application of ^« to all octonions gives an isomorphism of the group of all 
octonions with itself. 

872. Theorem. If g = <^,.g', or q + ar=^^{q' + £17^), then 

q^ =^q r' =:r — M{p Mq) 

373. Definition. The axial 

qr^ = g + n {Mqy^ MMqMr = a; + g) + Ho"^ Miaa 
is called the special axial of Q^ and 

rg = /yr+ (1 + £iM Mr {MqY') Mq 8 Mr [MqY^ 

= y+(\+aMM^) i,S^ 

is called the special convertor-axial of Q. 

374. Theorem. We have 

Q = q + ilr = qQ + flr^ 

rg = j 1 + if . (ifr [if?]-^) Of (r — if . (Jfr [ifj]-^) ifg) 

= ^jr C-- 1 (^ + -^ • cjitow"^) = ^jf p«-i {Sr — cT^ aSgkt) 
That is 

Q = 4>jf . e.-i C, where g' = j + fl (/Sr — o^^ /Sba) 
or 

g'= J + n [/^r — {Mq)'^ SMq Jfr] 

375. Tbeorem. Any octonion may be considered to be the quotient of two 
motors. That is, if Q be an octonion it may be written Q = £J."^ or QA = jB, 
where A and B are a pair of motors. 

376. Theorem. Q-^ = 5"^ — fl q-^ r q-^, when j 4: 0. 

377. Definition* The angle of <2^ is the angle of Q. 

378. Theorem. Q Q Q"^ produces from the operand a new operand which 
has been produced from the Grst by rotating it as a rigid body about the axis 
of Q through twice the angle of Qj and translated through twice the transla- 
tion of Q. 

379. Theorem. If A and B are motors 

-4. = ai + fla2 = (l + n/>)ai 



and 



then 






J 5 = a , /3 + n ( i> + y — m) tti itf 

M,AB = Ma,fi fn.AB = {p+pf)Ma,^—wSai^ 
tM.AB=p+p' — wM'^a^fiSai^=p+pf + dcotd 
Hence axis M. AB is w, pitch =jp + j/ + c^cot 
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If A and B are parallel, we determine M. AB hy 

M.AB = — CitBaifi 

Again S . AB = S.ai^ + a\{p+i/)Sai^—'>'Maip\ 

SiAB = Saifi 

8.AB={p + i/)SaiP—wMaifi 

t S. AB =p + j/ — w Moi^ S-^ai^ = p + j/ — d tmO 

Mi.AB+Si.AB = ai^ 

mAB + 8AB= ( j> + y _ n,) a, /3 

tAB=p-\-p' u.AB = — a 

r, . J fi = T{ai /3) Ui AB=U{aiP) 

For the sum we have 

A-{-B = \l -\-£i{p" + ^)\ (a, + /») 

where p" + «/ = {pay, +pffi + wfi) (aj + /3)-' 

or 

p" = S{pai+pfp)(ai + fi)-'-mMai^.{ai + ^)-* 

380. nieorem. If A, B, Ghe three motors, and if d and are defined as 

in §379 for A, B, and likewise e, ^ are corresponding quantities for M. AB 

and O, then 

tSABC=tA + tB + tG-{-dcote—eiKa^ 

Hence if we have three motors 1, 2, 3, and if the distances and angles 
are : for 23 : e2i , Oi; for 31 : d^, $t; for 1 2 : d,, 0,, and for 1 and diiei, ^i; 2 and 
^'^ti^] 3and<^:^,^,, then 

di cot $1 — Ci tan ^| = (2^ cot 6t —e, tan ^ = <^ cot 63 — e^ tan ^ 

881. Theorem. 

Ti {QR )= TiQ.TiR t{QR )z=tQ ^tR+ .... 

S\Q-M\Q=TIQ tSQ.S\Q-tMQ.M\Q = tQ.T\Q 

and tMQ y, g^^SfQ"" 

882. nieorem. 

tM. ABC = tA +tB + to rri-/:i?£^TJ^-^ 

^ cot*6tan*^ +cot*6 + tan*^ 

tM.{MAB)C=tA -\- tB + tC+d cot d 4-ecot4> 

383. Theorem. If E is coaxial with A, B, C, then 

ES.ABC-AS.BCE+BS.CAE+ OS. ABE 

= MBC .SAE+ MGA . SBE + MAS . SCE 
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384. Theorems. 

S.{Q + R) = SQ+SB S,{Cl+B) = S,Q+S,R 

StiQ + R) = S,Q + S,E 8{Q + R) = sQ + aR 

It iljlk, then 

A = -iSiA- jSjA — kSkA 
or 

A^ — isCiiA — jsCljA — ksCiJcA — CliaiA — £iJ8JA — SVeahA 

If 

A^ xi •\- yj -\- zk •{• ZQ» + mCij -|- n£iJc 
and 

then 

{8.dA^) = — d{) 

^ is independent of », jT, h. 
If J. is a lator^ « . J.* = 0. 
If A is not a lator 

8.A^ = 2tAM\A = — 2tAT\A a {TQf = 2tQ . Tf Q 

385. Definitions. The motors Ai, A^ A^ are independent when no 

relation exists of the form 

«! J.1 + + «n ^nr^ 0, [a^i • • • • ^n scalars] 

If independent, the motors ari J.i+ .... +Xn-4^ = 2a5A form a complex of 

order n, called the complex of -4i A^^. The complex of highest order is 

the sixth, to which all motors belong. 

Two motors J.i, A^ are reciprocal li sA^ A^ = 0. The n motors Ai. . . . A^ 
are co-reciprocal if every pair is a reciprocal pair ; in such case A^ is reciprocal 

to every motor of the complex A^ J^, and every motor of the complex 

A^. . ..A^io every one of the complex -4,+i. . . . J^. The only self-reciprocal 
motors are lators and rotors. Of six independent co-reciprocal motors none 
is a lator or a rotor. 

386. Theorem. If J, 5, C are motors, aS'. ^5(7 = if and only if 

(1) Two independent motors of the complex -4, 5, G are lators, or 

(2) XA + 7J5 + Z(7 = 0, where X, F, Z are scalar octonions 

whose ordinary scalar parts are not 
all zero. 

387. For linear octonion functions and octonion differentiation reference 
may be made to M'Aulay's text.* 

i M* AULAT 8. 
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XVm. TRIQUATERNIONS AND QUADRIQUATERNIONB. 

388. DefinitioiL Triquaternions is an algebra which is the product of 
quaternions and the algebra ^ 

o? = ^'=1 w^ = — ficj = (i) 

389. Definition. If r = ti? + p + w(w?i + pj +^(w?2 + p2) = 5' + (og'i -f fij^, 
where q, qi, q^ are ordinary quaternions, then we write and define 

where 

G .r=zw= S .q 

L .r=i (IID2 + p + capi = fiSq^ + Vq + oSqi, called a linear element ; 

P ,r=^ owi + [ip^ = oSqi + f£ Vq^^ called a plane. 

Further, we write 

L.r = (jiw^ + op) + (p + cjpi — w^) 

where we determine ^ by the equation 

(ti^ — p*)^ = t^p + w?aFppi— p%i 
then we define 

m = (/I w?j8 + w3), called a point 
c2 = (p + Qpj — tt^), called a line 

i . r = fw 4" d 
We define further 

L .r =^171 — d, the conjugate of L . r 

390. Theorem. 

G.W =G.Vl L.IV =—L.Vl P.W = P. VI 

G.lp =0 L.lp = L.pl P.lp =^'-P .pi 

G.ppf=^G.p^p L.pp'=^ — I^'P'p P.pp'=- 

391. Theorem. 

G . md = G . dm = P . md = P . dm L . md = — L . dm = 

392. Theorem. Lr .Lr — vf^ — d^ Z"^ = — ^ — -7^1 



393. Definitions. T .r—^^^-ll- j^ 

If 

7^2 = P .r — ca/S^i = oP . r 



or 



P .rizi/S'ji, if Fg2 = 
394. Theorem. Let 

A=.\jf ^ 11^ p^=qq + qz qi 

jB = 2 {toTm — TLpd) = qq^ + q%q 
then 

r-i = {A^ - E') [{A - (zB) {q + (iq,) -o{q- q,) q, {q + q,)] 

> CoMBBBiAO 3. Thii reference appliet to the following sections. 
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395. Definitim. Let 

m = (ixq + op wi' = iiXq + op' c = a + ci/? 

Then we define 

F . m, wi' = Xqp' — a^oP + o/ipp' 
JS .c, m =2(1 [xqP 4- 6rap) + uG^p 

396. TheoreiiL V. cjp, op' = cjuLpp' aS" . op, op' = cj6rpp' 

S . Cf m= S . m, c V. m, m! =: — Fm', m 

G .c S .c,m=^0 L .c S .c, m=z JPc*. m P .c S .c, m=:z S .c, Lcm 

G . S .c,m. m:=iO L.S .c,m.m =iV. m^Lcm P.S.c,fn.m = 
G .mV.m^ m'= L .m Fm, m'= P.mV. m, m'= — ^. m,Lm m' 

397. Theorem. 

Z«' =Fpp' + o [F(ppi + p,pO + xip^-cropl] 
PZZ' = ^ (afop' + xip) + uS{fp[ + pi pO 
Lmm' =a5opi — ^opi 

398. Theorem. G^/)/ =— Tp Tj^ cos (p,^/) I'PP^— TpTp'h sin (p,/)') 

399. Theorem. I = fiai-Q + p + opi p = |i/a + caii? (?/p = 

ZZp = p,Sfa + Oq^* + o (u?p + Fpi a) 
Let 11^ Q, J be units satisfying the multiplication table 





/* 


6) 


«' 


(J 


1 

— <y 


U 



— 2(/x+l) 


2(^-1) 




and let the quadriquaUrnUm} A be defined by the equation 

A = ? + f£ft + ogs + o'98 

where q^ qi^ q^^ q^ are real quaternions. The units (i^ o, o' are commutative 

with q^ qi, q^, qz- If 98 = ^i A becomes a triquaternion. 

We may write A as the sum of three parts each of which may be found 

uniquely : 

A= G.A + L.A + P. A 
where 

G.A = S.q 

L.A= V.q + [iS.qi + oV.q2 + Q^V.q^ 
P. A = iiV.qi + qS. qfi + o'S .qs 

Then the formulae of §390 above hold for quadriquatemions as well as for 
triquaternions, if Z = Z . A, jp = P . A, etc. 

1 COMBBBIAO 8. 
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XDL STLVEBTER ALGEBRAS. 

L NONIONS. 

400. Defiiiiti<m. Nonions is the quadrate algebra of order 9, corresponding 
to quaternions, which is of order 4. In one form its units are ^ 

'^no ^ojD ^a» ^«o 'Ww 'Ww ^o 'W ^«80 

401. Theorem. The nonion units may be taken in the forms (irrational 
transformation in terms of o, a primitive cube root of unity) 

«t =1=^10+ Amo+ ^ t =^uo + tt^ + «'Xno ** = Jliio + ca«Xsao +w ^880 
3 = ^lao + ^«80 + '^810 J = ^ijo + ^10 + ^iBO V = ^lao + ^ ^«80 +^ ^lo 

whence * 

t^ = 1 / = 1 (ty / = 1 {iff = 1 (f^y)» = 1 (i8y«)8 = i 

ji =: tti; yi* = afifj j^% = ci'ty * y V = u^^p 

402. Theorem. If 

<^ = 2x.»tV^ a,J = 0, 1, 2 

Then 

/S. ^ = 3^00 S.i ^= xjo iS^.t" ^= a?io 

^ •/'♦ = ^01 ^ • y '♦ = "«a ^ • *!/*♦ = «*»ii 

^.4^i^=^(2x^tV)(2y^iV') =-S2x,,y^c.**i-+7^^^ (mod 3) 



Hence 
and if 



therefore 



44 = 2a:^yed^*'»^+'y*+' «, i, c, d = 0, 1, 2 

408. Definition. US.j^=0 S.f^ = S.j = then we 

define 

404. Tbeorem. We may write ^ in the form ^ = a+ bi + ci* (at least if 
^ has not equal roots) j whence, if j is chosen," so that aS)' = 0, S . ji = 0, 
iSy** = 0, we have 

I Stltutbr 8, 4; Tabbr 2 ; C. S. Pbircb 6; alio the linear yector operator in space of tliree dimeDiions, 
Blbiiogrtq>hy of QuaUmiorUf in particalar Hamiltok, Tait, Jolt, Shaw 2 ; also articles on matrices. 
> Shaw 7. This applies to SS 402-403. > Of. Tabbb 2. 
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405, Theorem. If / is to be such that /^.^ = 0, Sif = 0, ASiy = 0, and 
if jT is such that /J ./ = 0, Sij= 0, Sij^ = 0, we may take 



whence 



f = o^iJ + (hf + /3i V + ^8 if + Y\ »!; + Yti^f 



+ *'* (ai yi + «! 72 "* + o^ yi ca + ag yi) + 

and if /S'.y'* = 0, Sij^ = 0, /SiV = then 

tti 02 + cj ^2 yi + o^ /?! y^ = i^i 02 + 6) tti /Jg = Oi yg + ^ ^2 yi = 
whence 

and 



That is 



Hence 



and 



02' ^z'Y2 = <^i '—^^^i •— »yi or a, = /38 = ya = 

y = (ai + /?!*+ yi i^)J = j{oLi + w'/?i i + «yi i') 
/-I =y« (a, + ^1 i + Yi i'r' = («i + ^' /?! i 4 oy, i')j-' 

f (a + M + ci^)j'''^ =y(« + ** + ^^)y~* 



It is thus immaterial what vector y we take to produce the conjugate Kj^^ 
except that we cannot discriminate between K^ for one vector and K^^ for 
another, if the second is equivalent to the square of the first. We may 
therefore omit the subscript y and write simply K^ K^. 



406. Theorem. From ^^:^a'\-hi'\' ci' we have 

<^«_ 3a <f? + 3 {a^ — hc) <^ _ (a» + 6^ + c^ — 3 ahc) 



= 



or 





S . ^ — <^ 


S.iip 
s . <^ — ^ 


s . » V 

s . ^ — ^ 


407. Theorem.^ 









= 



714.= 



q,K^ + ^K*<p + K^K^^ = 3 {S^<p — Si^ Si'^) = 7;<^ 



408. Theorem. If a 
S . a^ — ^ 



1 + t 4- i*, where ^ = Zxaj tV^i 

aS . y-* ay^^ — <p s . y-* ay*^ — ^ 



= 



> Cf . Tabbk 2. 
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Hence 

2; ^ = S{a + j-^aj +i-« aj*) ^ = 8{a-\-Ka + K*a)<p 

— Saji> SJ-^aip — SaJ'^ Sj-'a<p — SJ-^af^ SJ-'aJ^) 
Saj*^ SJ-^af^ Sj-*aj'<p 

409. Theorem.^ f* — 3S^ .^ + i {SSCf — Sp*) ^ — {i S'<p 

— i Sp'iS<p + Sp') = 

^ ^ + ^1 ^ 4>i + ^1 ^i — 3/S^i -{^i^ + lH ^i) — 3/S^g . 4>f 

+ 3 (iST^i - i SVpi)^ + 3 (2% Spt — SV^ F<^) ^1 

where F^ = (^ — Sp) 

Also 

— 3^1 . (^^ + ^^) — 3^ . (^1^ + ^8^1) — 3/Si^ . (4>i^« + ^^) 
+ 3/Sj», (8/S5^ iS^ — -S?^ 4%) + 3*4 (3% )S|»8 — '^<?>i 4^») 

— 9iS^ ^, ^ — 9/S^ /S^i ^8 + 3/^1 4>j ^, + 3/S^,4>,4>g) = 

410. Theorem. If 

/;(0, »7) =*[«*+'• + «*«"♦+-*» + «** «-^+-''] A;=0, 1,2 

then 

* = (Tit)* C/.(e, »7) + ifi (0, »7) + »V,(0, '?)] 

= (?;♦)* [/o(«, 0) + if, (6, 0) + .V. (e, 0)] C/o (,7, 0) + iA in, 0) + tV* (n, 0)] 

If pi and ^ have the same unit i, 

Pi = a + bi + ci^ pg = a' + b'i + cfi^ 

The functions /a satisfy the addition formulae ^ 
/* (e + «', »7 + V) = /o (0, »?)/*(<>', V) +/, (0, >?)/*+« (d*, V) + /a (0, >?)/*+, (^, V) 

/* M, 0) = «y* (e, 0) /* (ad, u?n) = o*/* (fl, >?) /* (e, 0) = u (0, e) 

^-» = {T,pp [/o(- e, - >?) + «/, (-6, -n) + ?u i-e, -)?)] 
i>'=in <pr^ [ /o (i^, pv) + if, {pe, pn) + ty« (m i"?)] 

411. ^eorani. The characteristic equation of ^ = S Xat i'j* may be 
written 

a* + »io + !f» — ^ «oi + «ii + «2i aiB + «i« + a« 

JBai + o ajj, + o*a-tt a^^i + « «io + u*«a) — ^ ai)i + " iCii + w'aisi 



= 



I Tabbb 9. 
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The general equation is the cube of this, but may also be written 

ABC 



where 



GAB 
B G A 



= 



A^ 



Xoo — 4> ajio 


«80 




*01 


aix 


'a 


«» asoo 


-^ «io 


B-. 


0X2, 


0x01 


oxu 


aio ^"ha 


Ooo ^J 




. "% 


«*xa 


6)*Xoi 



(i?X^ 6)*Xog CJ*Xi3 



412. Theorem. The cubic in ^ has three roots, corresponding to which, in 
general, there are nine numbers, in three sets of three each, such that each 
set is multiplied by a root of the cubic when multiplied by ^ ; if these are 

puf pi2i pisi pa> pMi PmJ p8i9 p8B9 P88i ^^^^ 9k being the root corresponding to 
the k-th set, 

♦ •pa — 9kpki 

413. Definition. The transverse of 4> = Sx^b i^J^j as to the ground de6ned 

by»,y, is _^ 

If ^ z= ^^ ^ is self-transverse. 

414. Theorem. We have ^ = ^4>, ^ = ^, so that ^$ and ^ are self- 
transverse. Again ^ = ^. 
For 

hence 

4 






Also 



thence 



4- = 2 y«, u-** i'j~* $ = Xa» o""* t*y 
^ = 2 x.» y^(o-^-^-^ ia+oj-^ 

=2x^yi-..«_»"'''^"'-*i'y-'' 



415. Theorem. We have 



i 2 (X,4 + 6)»»X„. _,)»»/ 



When 



4> = ^ «ol,= w'*a"a.-6 



iFor farther theorems and applications see Jolt 1, 2, 3. 
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2. SEDENIONS. 

416. BefinitioiL Sedenions is the quadrate of order 4^ Its units may be 
expressed by 

It may also be expressed by units of the form ^ 

f« i^ i« i^ 
where a, 6, c, d = 0, 1, and 

Jih=—hJi J2h = — hj2 hh = i2h hh=hH 

• • •• •• •• •«■ an aa aO ^ 

417. Theorem. Sedenions may also be expressed in the form 

^ ^ 1 = Jljio H~ ^^280 "f" ^'SBO + ^440 * ^ '^lO + ^ I '^ ^«80 ^ 1 '^440 



J — ^120 + '^aO + ^«0 + ^^410 ^oft — *^.? 

a, 6 = 0, 1, 2, 3 Ji = V:="l y 

418. Theorem. If 



419. Definition. If /S^ay^rOand 

S.j^^O^S .ftp = S.f^ y* = 1 

then we define 

420. Theorem. We may write generally (that is, when ^ does not have 
equal roots, and in some cases when it has equal roots) 

^ = a + 6i + ci* + di^ 
Whence 

K^ = a + bit — ci^ — dti^ 

K^<p = a — bi + ci^ — di^ 

K^^ = a — hd — ci^ + dd^ 

a = i (4> -f ir<^ + ir> + K^tp) 
bi=i{<p — iK^ — K^^ + iK^^) 

di^ = i{<p + iK<p — K^q> — iK^<p) 

421. Theorem. Theorems entirely analogous to those for nonions (see 
§§402-415) may be written out. 

422. Definition. The transverse of 4> = Xx^a, i^Pt as to the ground defined 
by »,y, is defined to be 

iStltmtbb 8; Tabbr 9; C. S. Peirob 0; Shaw 8. >Cf. Tabbb 3. 



Accordingly 



2 
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8. liATRICBS AS QUADRATES. 

423. Befinition. A matrix (as understood here) is a quadrate of any order; 
that is, a Sylvester algebra, usually of order >4^ Its units are called vids^ 
if they take the form 

XijQ », y = 1 n 

424. Theorem. The general quadrate may be defined by the r^=n^ units 

6(0, a, 6 = 1 .... n 



such that 
where 






%= 2 o'X 



«=i 



mO 



Jl = QtJ 



J — 'M20 • ^'280 4" • • • • 4" ^nn-l, n, 4" ^n\0 



2n 



2n 



6) = COS h V — 1 sin — 

n n 



If 



n 
n 



a, 5=1... 

c, (2=1... 

a, 5, c, c2 = 1 . . • . n 



4^ = 2cc,,tV" 

425. Theorem.* AS'.^ = a:oo S .j''^%'^q> = Xab 

426. Theorem. Since every quadrate in the second form may be reduced 
to the first form, it is easily seen that ^ satisfies the identity (characteristic 
equation) 

2 a'ao ^ 2 JCai 2 Xan-l 

Xc/x^^i 2 o'Xao — ^ 2 cj*ar,n-2 



2cj 



»(ti-i) 



a?.i 



2G)*^'*-^>x,a 26)*^''-^>x,o — 4^ 



= 



fi-i 



in each term ^ 2 represents 2 



427. Theorem. We may write 

q> = S t'p Sj'^ i— <f 0,6 = 0. ...n 

/S^.^ = 2 . Si'p^Sj^ i'^^ a, 6 = 0. . . .n 

Ifa=l+» + t* + 4" i^^f then the identical equation is 

S(iq>—q> Sj-^aq> /^'-^^-^a^f 

Sajq> Sj'^ ay ^ - ^ /^•-^^"^> aj^ 



1 
1 



/Sfaiy^^ <^ 



sj-^ ay^-^ ^ A5)'-(^-«ay(^-« <^ — 4^ 



= 



iLaoubkbb 1; Catlbt 5; B. Peibcb 3; C. S. Pbiroi, 4, 8; Stephanos 1; Tabbb 1; Shaw 7; Lav- 
BBHT 1, 2, 8, 4. On the general topic see Bibliography of QuatemUmt, 

I Shaw 7; Laubbnt 1. > Tabbb 8. 

«Catlbt8; LaoubbbbI; Fbobbnius 1, 8; Wbtb8; Tabbb 1; Pasch 1 ; Buohhbim 8; Molibh 1 ; 
Stlybstbb I ; Shaw 7 ; Whitbhbad 1, and JBibHography of QuaUmion$, 
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428. Theorem. ^ may be resolved according to the preceding theorem 
along any units of the form given by »,y, as 

If j be such that 

/S.y»^ = o,y^=i « = l....n— 1 

then ^ may be written in the form 

^ = scpo 4" 2 a?ab *V^ a=l n — 1 6 = n—\ 

429. TheoreuL Whatever number ^ is, /d' ^ j3~~^ has the same characteristic 
equation as ^. Hence if this equation is 

5* — wij i^^-^ + w,^**"* — ± tWn = 

not only is ^ a solution, but equally ^p^^*. 

430. Definition. When 

y^=l S.j'^=0 8 = 1 n— 1 

we shall call j^^j'-^^z K* ,^ the <th conjugate of ^. 
If ^ is in the form of §428, 

JT*.^ =x^ + Xx^G/^i''j^ a=l n — 1; 6 = n— 1 

Hence iT'. ^ is the same function^ of cj't that ^ is of t. 

431. Theorem* We have at once 

p + K. ^ + Jr«.^ + + K"^^ .^ = nS^ = m^ 

(^ + iT.^ + )« = n* . /S^' . ^ = 2 . K'q> K^^ 8,t=0 n — 1 

and since 

therefore 

22-^'^^?'^ = n* /S*^ — nS^^ = 2m8 «, < = n — 1, « :^ < 

Similar equations may be deduced easily for Sin?,, and the other 
coeflScients. 

432. Theorem. If ^ . d = ^or, then 

K^^ .j^a = g .fa 
also if 

{q> — g)a^ = a^ {<t^—gY^^ ai = a^ {^ — gYa^ = 

then 

433. Theorem. If the roots of ^ are such that each latent factor {p — gi) 
occurs in the characteristic equation of ^ to order unity only, then ^ may be 
written 

^ = «o + «i * + a„_i i^"^ 

1 Of. Tabbb 2. 
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and 

^ . ay* = (oo + «i + «n-l) . OLJ* 

Hence the latent regions of K^p are simply those of ^ transposed. This 
does not necessarily hold when the latent factors enter the chariacteristic 
equation to higher powers. We might equally say the roots of K^^ are those 
of ^ transposed (cyclically). 

434. BefinitioiL The transverse of ^ with respect to the ground defined 
by i,yis 

$ = 2x^y-^ i^ = 2x^ c.-^ »-y-^ 

It is evident that ^ = ^. 

If $^ = 1 we call ^ orthogonal. If ^ = ^ we call ^ symmetric or sel/- 
transverse. If 



and if 



^ = 2 (jco + '^— 1 Vij) ^io, (aJ, y real) 



then ^ is real if ^ = ^, unitary if ^ = 1^ hermitian if f = ^. 

^^ ^^^x 

435. Theorem. The transverse of ^ is •J^. Consequently ^ ^ ^, 

and f>^ = ^»p. 

436. Theorem. We may write the equation of ^, if 

^ = a + W + ct'+ + W»-» 

S . ^—^ S .i^ S .i'^ /S' . »• - * ^ 



So that 






S.i'^ S.i^^....S.^ — if 



= 



nSif = ^ + IT^ + + K*-^^ 

^K'^K^<p a, 6 = n 



1, ad^b 



It follows that if the characteristic function of ^ be formed, it may be 
written 

(^-♦)(^-ir^)....(e-ir"-'4») 

By differentiating this expression in situ the characteristic function for 
^i ' •' ' ^n ^^y ^® formed in terms of ^^ ^n' This function will vanish for 



or for 



£, = ^*<f, ....?« = ir*^, 



(t= 1 • • • • n — 1) 
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XX. FEIECE ALGEBRAS. 

437. In the followiDg lists of algebras, the canonical notation explained 
above is used. In the author's opinion, it is the simplest method of expres- 
sion. The subscripts only of the >l will be given ; thus {111) + a (122) means 
^m+^^128- For convenient reference the characteristic equation is given. 
The forms chosen as inequivalent are in many cases a matter of personal taste, 
but an attempt has been made to base the types upon the defining equations 
of the algebra. The designation of each algebra according to other writers^ 
is given. 

The only algebra of this type of order one is the idempotent unit 

e^ = ,7 = Xi,o=(110) 

438. Order 2. Type^irj^i): {x — x^e^f = Q 

^ = (110) ^i = (lll) 

The product of f = Xj^j + a^s^i <y = Vi ^1 + ^2^ is 

^a = e^{x^y^+x^y^) + e^ix^y^) 

The algebra may be defined in terms of any two numbers ^, ^, if ^ ij: 0, 
so that we may put a in the form (t = xf + y^. 

439. Orders. Type^ {ri.i.i?): {x — x^e^^z:^Q 

^3 = (110) ^=(111) ei = (112) 

The general product is 

^(T = ej (xiys + ^^8^2 + a-ayi) + ^2 (^^2^8 + ^^2) + ^^s (a^s) 
The algebra may be defined in terms of ^, i^, ^, if ^ :^ 0, ^ i^: 0. 

Type^ {ri, i, j) : (x—x^ e^f = 

68 = (110) + (220) 62 = (210) e^ = (HI) 

^a = €^{xi ys + osyi) + ^ {^%y3 + x^y^ + e^x^Vz = (f^ 

The algebra is definable by any two numbers f, <t whose product does 
not vanish. The product of ^a may be written 

^a = aSl^ + }^Sa — e^S^Sa 

Also we may write the algebra {ri, ^', &), where ^', & are nilpotents, 

440. Order 4. Type^ (yi,i,i?,i!^): {x — «ie^* = Q 
e, = (110) fli, = (lll) ej = (112) ei=(113) 

If ^ = /S^ + F^, then the algebra is defined by 

^. ^, ^, ^S if^? + 0, F^:j:0, (70" + 0, {T^fi^O 

1 EnumeratioDS are given by Pincherlb 1 ; Catlet 8 ; Studt 1, 2, 8, 8 ; Schbffers 1, 2, 3; Pbirce 3 ; 
RoHB 1 ; Staekweather 1, 2 ; Hawkes 1, 8, 4. 

*8TaDT II ; SoHEFFERs 11^; Peirce a,. 'Study III ; Scheffers III|; Peirob o,. 

* Study V ; Scheffers Illg . * Study V ; Scheffers IVj ; Peirce a^ . 

7 
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Type (>7, », y, p) : {x — x^e^f = 

e^= (110) + (220) ^8= (210) + a(122) C2= (111) + 6 (122) e^ = (112) 

^a= — S^.S(yi- aS^ + ^Sa + e^ {x^y^ + ax^y^ + hx^y^) 
or 

F^. Va=ei{x^yz + axzy^ + hx2y^ 
Hence 

y^- ycf— y^ . y^=^<^—<^^'=^e^{^%yz—^y2i 

We have two cases then : (1) when 6 = 0, (2) when 6^0. 
We may determine 6| = c^, from 

When a = 0, this gives us only one case of <y' = e^. 

When a ^ 0, we may take 4 = ^i ^ well as ^ = e^; whence, if a = 

If a 4= 0, we may put a = 1 

Finally, then, we have * 

{vijf)(l) ei, = (210) ^ = (111) ei = (112) 

('7*7/) (2) ^8= (210) + (122) ej = (lll) c, = (ll2) 

()7»7/)(3) e8 = (210) + (122)a e^ = (111) + (122) ei = (112) 

{yiijf){^) e, = (210) Ci = (lll) + (122) ei = (112) 

^P^ in, », y, V ) : (x — «« 64)* = 

e^=(ll0)4-(220) «% = (210) ^= (ill)— (221) Ci= (211) 

^<j = «! (x, yz — «2 ys + a^ y* + «« ya) + «? («s y* + «4 yj) 

+ ^ (a^« y4 + «4 ys) +«4a'4y* 

Defined « by ^, <r, such that ( F^^ = = ( Fa)« 

7C.Fa = — F<t7^ 
Type ' ()7, *, y, *) : (x — x« ei)^ = 

64= (110) + (220) + (330) 63 = (210) eg = (310) ei = (lll) 

F^ Fa = 
Defined by any three independent numbers. 

441. Order 5. Type * (>?, t, i*, i^, %*) : (« — «6 ^)' = 

65 = (110) 64 = (11 1) 68= (112) eg=(113) ci = (114) 
Definable by any number ^ for which ( F^)* ^ 0. 

•StudtIX iB di, i,J,J*) (3) If »*, = (210) — (111) + (c-l)(188), «, = (111) + 9(122). SOHBFrBBS IV, is 
the saaiB. Pbircb b^ and &\ reduce to this form. Stddt X and Sobbffbrs IV^ reduce to (8); Stcdt XI 
and SoasrrBBS IV, reduce to (1) ; SOBBrPEKS IV, reduces to (4) if X = — 1, otherwise it reduce* to (8). 

'Stddt XIV; Sohbffbbs IV,; Pbirob d,. 'Stuot XVI; SoHBvrBKS IV,. 

< SoHErrBBS V| ; PsiBCBa,. 



PBIRCB ALOBBRAB 108 

3^ * (*?; », h y*, f)'- (« — «5 «6)* = 

e5 = (ll0) + (220) 64 = (210) + a (123) 

«8 = (111) + 6(123) Css = (ll2) e,=:(113) 

(1) 6 4^ 0, we may take 6 = 1. 

(2) 5 = 0, we may take a = 1, or 

(3) 6 = = a. 

TyP^ ' iv, t, J, if, f) : (a? — «6 e^f = 

Cb = (110) + (220) et = (210) + b (221) + c (122) 

e, = (lll) + d(221) + e(122) e, = (211) ei=(112) 

(1) e4 = (210) e,= {Ul) + d{22l) 

(2) 64 = (210) «8 = (111) + <^(221) + (122) 

(3) e^ = (210) + (122) «, = (111) 

(4) e« = (210) + (221) €8= (1 1 1) — (221) + e(122) 
(6) 64= (210) + (122) e8 = (lll) + <'(221) + c(l22) 

Type « ()7, «, »*, y, f) : (x — a-g ej)" = 

c, = (110) + (220) + (330) 64 = (210) + (320) 

<i,= (310) «B=(111) ei = (112) 

Type* {ri, t, j, h, A*) : (a — x^e^f = 

Cb=(110) + (220) + (330) «« = (210) +a (122) + 6(132) 

«% = (310) + c(l22) + d(132) Ca=(lll) + e(l22)+/(132) ei = (112) 

(1) C4 = (210) + (122) C8=(310) + (132) «ij = (lll) e, = (112) 

(2) 64 = (210) C8 = (310) + (132) 

(3) 64 = (210) Ci,= (310) 

(4) C4 = (210) + (122)-y(132) e, = (310) + y (122) — (132) c,= (lll) 

(5) fl»=(210) + (122) — (132) C8 = (310) + (122) 

(6) C4 = (210)— (132) C8=(310) + (132) 

(7) C4 = (210) + (l+;i*)(122) 63 =(310) 

(8) 64 = (210) + (122) tf8=(310) C8 = (lll) — 2(122) 

(9) 64 = (210) + (122) ^ = (310)+ 2(122)— (132) 

€,5 = (111) -2(122) 
(10) 64 = (210) — (122) + (132) 6i, = (310)— i(122)— (132) 

eg = (111)— 2i(l32) 

> SCHBFrBBB V, Is in (1), «4 = (210) + (133) — (112), «, = (111) + 2 (123) ; Schbpfers V, Is (2); Sohbf- 
rsKS V, is In case (1), a = 0, «, = (310) — (112) ; Sohepfbrs V, is (3); Pbircb \ Is in (1),^= (111) — (123), 
t = (113), I = (113), m = (210) + (128) + (113); Peircb e, is In (1), J = (111) —(188), * = (112), / = (113), 
m = (310) + (112). 

•SOBBPrBBS V„ isd) ; l^ = (HI) + X (321), «, = (310); V„ is (3) with d = - I; V„ is in (5); V„ Is in 
(8) or (4); Pbibcb d, it in (5) ; «, is in (4); /, is In (1); g^ Is in (5); A, is in (S); <, is in (1). 

*8cBBmB8 V„; Pbibcb^,. * These are In order Sobbpfbrs V^ — Vi,. 
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Type iv, », y, Je, t) : 



(1)' «5 = 



(2)« e,= 



«6 
«8 



(110) + (220) + (330) + (440) 
(310) + (121) ejj=(410) 

(110) + (220) + (330) + (440) 
(310) C2=(410) 



{X — Xj Cj)* 

64 = (210) — (131) 
ci=(lll) 

C4 = (210) 

«i=(ni) 



= 



442. Orders. %»e» (»?, t, i*,i», »*,»»): (x — a;«e8)«=0 

Ce = (110) «5 = (111) Ci = (ll2) (!8=(113) eij=(ll4) ei = (ll5) 



Type * (ri, i, j, f, f, J*) : 

6, = (110) + (220) e^ 
C8 = (112) e^ 



(210) + a (124) 64 
(113) 



Ci = 



{x — xt etf 

(111) + 6(124) 
(114) 



= 



(1) 0=1=6 

(2) a = 0, 6 = 1 

(3) a = 0=b 

Type'{yi,i,j,ij,f,j') 
(1) ^5 = 



e6=(210) + (124) 
^,= (210) 
«B = (210) 



^4 = (111) + (124) 
e4 = (lll) + (124) 

«4 = (111) 



(a; — SB, c^)* = 



(210 

(2) 65 = (210 

(3) e5 = (2l0 

(4) 65 = (210 
(6) 65= (210 

(6) e8 = (210 

(7) 65= (210 

(8) e6 = (210 

(9) 65 = (210 

10) C5=(210 

11) e5=(210 

12) C5 = (210 
18) <?6 = (210 
14) 68 = (210 



15) ^5 = 

16) «,= 



(210 
(210 
(210 
(210 
19) «j = (210 



17) e,= 

18) e,= 



+ (122)+ 2^—1(221) 
+ (123) 

+ (221) 
+ (12.3) 
+ (221) 

+ (123) 
+ (122) 
+ (122) 
+ (123) 



64 = (111) + (221) 
64 = (111) + 2(123) 
e4 = (lll) + 2(123) 
e4 = (lll) + d(221) 
64 = (111) 

<?4 = (lll) + d(22l) 
64= (111) +(123) 
C4 = (lll) 

««=(ni) 

e4 = (lll) — (221)- 
e4=(lll)— (221) 
C4 = (111) — (221) — 2 (122) 
et = (111) — (221) — 2 (122) 



2(122) 



+ 2(1 T \/— 1) (221) + 4^ — 1 (122) + (123) 

e4 = (lll)=F\^^^(22l)+ 2(1± \^^^)122 

+ 2V^^(221) + (122) C4=(lll)+ (221) + 2 (123) 
+ 4 (221) + (123) 64 = (111) + (221) + 2(122) 

+ 4(221) 64 = (111) + (221) + 2 (122) 

+ 4(221) + (123) e4 = (lll) + 4(122) 

— («i — 1)(221) — i(m+ l)(w— 3)(122) 



> SCHBFFEBS Vg, . » SCHEFFBRB V„ . » PeIBCE a^ . * PeIRCE \ ifl (1) ; C^ iS (2). 

• These are in order Stabkweather 4, 8, 9, 11, 12, 18, 14, 15, 16, 19, 20, 21, 22, 28, 27, 29, 80, 82, 88. 
Also Peibcb aa^ and w^ are in (4), ad^ in (5), z^ in (6), af^ in (8), ae^ in (9), u^ in (11). 
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(1 
(2 

(3 
(4 



(1 
(2 

(3 
(4 
(6 
(6 
(7 
(8 



Type ' (»7, », t', y, /, y» ) 

Cb=(210) + (320) e, 

c, = (210) + (320) + (133) «« 

eg = (210) + (320) + (133) C4 

c, = (210) + (320) e^ 



«8 = 



(310) + (123) 
(112) 

(310) 
(112) 



C5 = (210) 64 = (310) «8 

«i,=(210)+(123) 64 = (310) et 
C6=(210) 64 



«5 = (210)— (133) 



«4 

«5= (210) + (133) + (123) e^ 



«B=(210) 

c, = (210)+^(l33) 

ej = (210) + (133) 



(»— a!i«,)*=0 

(310) C8 = (lll) «2 = (112) ei = (113) 
(310)+ (123) «8=(111) 

^ = (112) 61 = (113) 

«8=(111) + 2(123) 

ei = (ll3) 

«8=(111) + 2(123) 

e,=:(113) 

(x— x,c,)* = 

(111) Ci5 = (112) ei = (113) 

(111) eg = (112) e, = (113) 
(310) «8 = (111)+ 2(123) 

(112) ci = (113) 
(310) + (123) <i, = (lll) 

ea = (113) 

«b = (111) + 2(133) 

«, = (113) 

c, = (lll) 

e, = (113) 

<% = (111) +2(123) 

e, = (113) 

e, = (111) + 2(133) 

Ci=(ll3) 



(112) 

(310) 

(112) 

(310) + (123) 

(112) 

(310) + (123) 

(112) 

(310) +(123) 

(112) 



Type {*!, %,J, ij, j», if) (a» = 1 {x- x,e,f = 

e5 = (210) + i(l— o)(22l) — Ig)(122) €4 = (111) + o(221)— i(l— g))(122) 
<Ji=(21l) + i(l— 6))(222) <!i = (112) + o«(222) ei = (212) 



(1) 

(3) 

(3) 
(4) 

(6) 

(6) 
(7) 



(» — «,<',)» = 

«8= (111) + 6(122) + c (132) 
ei = (112) 

C8 = (lll) + 6(122) + c(132) 
e, = (ll2) 



Type {ri, i, J, k, ik, k') 

C8=(210) e4 = (310)+ (132) 

^ = (211) 

eis=(210) + (l22) 64 = (310) + (132) 

«% = (211) 

«, = (210) +0(122) e4 = (3l0) +(122)+ (132) 

c, = (lll) + 6(122) + c (132) i% = (211) ei = (112) 

e5=(210) e4= (310) + (122) +(132) 63 = (111) + 6(122) + c (132) 

eg = (211) e,= (ll2) 

e, = (210) + (l32) e4 = (310)— (122) e,= (lll) Cj,= (211) 

<5 = (210) e4 = (310) e8 = (lll)+(l22) Cg = (211) e,= (ll2) 

€, = (210) e4 = (310) C3 = (lll) e, = (211) e, = (112) 



> TheM »re In order Stabkwbather 3, 5, S8, 10. 

*TbeM »re in order Stabkweatbek 1, 3, 6, 17, 18, 24, 35, 26. 
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(1) «, = (210)— o(132) 64 = 

(2) ^2 = 

(3) e^ = 

(4) «2 = 

(5) «2 = 

(6) «% = 

(7) <»5=(210) e^ = 

6,5 = 

(8) e^ = 

(9) ^2 = 

(10) «2 = 

%»« (»7, »,yi *, ^1 »0 

(1) e(=(210) — (231) «« 

(2) e, 

(3) ei 

(4) «2 

(5) «8 

(6) «8 

(7) 65 = (210) e^ 

H 

(8) e^ 

(9) «. 

(10) 

^i** (»7> »> h *, ^, «») 

«,= (210) 64 = (310) 



(810) + a (122) 

(111) + a (122) +a(132) + o(142) 

(lll) + a(122) + a(l32) 

(lll) + a(122) + a(142) 

(lll) + a(l32) 

(111) + a(142) 

(111) 

(310) 

(111) + (122) + (132) + (142) 

(111) + (122) + (132) 

(111) + (122) 

(111) 



(a?— ar,«,)«=0 

cs = (410) 
e, = (112) 



ej = (410) 
ei = (112) 



(x- 



310 
111 
111 
111 
111 
111 
111 
310 
111 
111 
111 
111 



+ (221) 

+ (221) +(231) + (241) 

+ (221) + (231) 

+ (221) + (241) 

+ (221) 

+ (241) 



a;«<e)* = 

H = (410) 
«i = (211) 



Ci = (410) 
+ (22l) + (231) + r241) ei = (211) 

+ (221) + (231) 

+ (221) 

(»— a!,«8)* = 
63 = (410) «i = (610) «i = (lll) 
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XXL SCHEFFEBS ALGEBRAS. 

443. The followiog lists include algebras of order less than seven, with 
more than one idempotent. Reducible algebras are not included, nor are 
reciprocal algebras both given.^ The idempotents are i^; direct units i,j....; 
skew units e. 

444. Order 3. Ty^' (>7i; »?«; ^i) (x— Oj^i,) (x — xj^b) = 

^ = (110) ^ = (220) Ci = (210) 

446. Order 4. Type ' (m ; Vt, »; «m) (» — Xa Co) (« — «« «•)* = 

ei = (220) «8 = (110) ^=(111) ei = (210) 

JfeP«*('7ii>72iCiei, e'a) (x — Xj <%) (a — »« Co) = 

e« = (110) (!8 = (220) eg = (210) Ci = (21l) 

^S(!P«'(»7i;»7«;«ii, «i2) (x— X8<%)(x — X4«o) = 

«< = (110) ^ = (220) eg =(121) ei = (21l) 

446. Order 6. Type' (>7i, », »'*; jjj, «ia) (x — x^ Cp) (x — Xj «b)' = 

<Ji=(ll0) C4=r.(220) «j=(lll) Cg = (112) Cj = (211) 

2Vi» ' (»7i, »i %, y ; «8i) (« — «4 «o)' (« — «6 «b)* = 

ee = (110) C4 = (220) «i, = (lll) ^, = (222) ei = (21l) 

Type " (>7i, »; >7g ; e^, Ca) (» — «* «o) («— «6 ^o)' = 

(l)c,= (110) e4 = (220) e. = (lll) e, = (211) Cj = (212) 

(2)«, = (110) «4 = (220)+(330) e8=(ill) e« = (211) Ci=(310) 

(3) «5=(110)+(220) tf^=(330) es = (210) C8 = (lll) ei = (311) 

Type' {vii, »; »;,; e„, «ja) (x— x^eb) (« — «6«b)* = 

(1)<J5=(110) Ct = (220) C8=(122) «8 = (210) ei=(112) 
(2)«i=(110) e< = (220) «s=(122) e, = (211) ei=(112) 

Type " (>7i ; n3 ; eai «a'» ««i") (« — »* ^) (x — Xj (%) = 

0( = (110) «4 = (220) + (330) + (440) Cg = (21 1) (84 = (310) Cj = (410) 

%» " (nil »7«; «!*, <2ii eii) (» — «4 <%) (x — Xj Cu) = 

0^=(11O) 04 = (220) + (330) e^=(121) (!^ = (211) «i=(310) 

%»"(»7i; %; »7b» «8i»«ia) (» — «8«b) (« — »*«(>) (a;— Xsei,) = 

«^ = (110) 04= (220) ei,= (330) e,= (221) 01 = (311) 

2Sa»"(»7i; »7«» %; ^,^) (« — <>«<%) («— x4«o) (x— a%^) = o 

€^=(110) «4 = (220) «i, = (330) eg = (211) ^^ = (321) 



>roralgebrM of ordsrMTen m«Uawkks4. *TheM are in order Sohcfvibs Vmi V,,, V^; 

* Study IT; Sohxfvbbs III,. Uawkbs (V) i3„, 3„, 1,. 

*Stubt vii ; SOHBFFKBS IV,. • These are in order ScHBrrsna V„, V„; Uawkbs (V) 8, , 8 . 

4SXUDT XV; SoHXFrcHS IV.. mscbbfvbbs Vh; Hawkbs (V) 5. 

• Btudt XIII; Sohbvfbbs IV,. "Bcubhbbs V„; Hawkbs (V) 6. 
*8oBanBB8 V,; Uawum (V) 1,. "ScHBrrsBS V,. 

*90HDVBlt> V,; HAWKBS (V) 4. UgcHBrFBIU V,. 
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447. Order 6. T^pe^ {rji, i, t*, »*; jygj e,i) {x — Xf,€^ (x — 35,60)*= 

^ = (110) Ce = (220) C4 = (22l) 63= (222) eg = (223) ei=(210) 

Type* (>7, , t„ ji,j\ ; >72 ; e^i) (a — xj ?„) (x — x« «b)« = 

(1) c, = (220) + (330) C5=(110) <?4 = (320) <^=(221) «Rj=(222) 

ei=(212) 

(2) e, = (220) + (330) 65 = (110) 64 = (320) + (232) «% = (221) 

Cj = (222) ej = (212) 

(3) c,= (220) + (330) C6=(110) e^ = (320) + a(232) 

^ = (221) + (232) Csj = (222) ej = (212) 

(4) «i=(220) + (330) e6=(110) C4 = (320) e, = (221) + (232) 

<?g = (222) ei = (212) 

Type' (>7i, »j, j\ , iji ; ^s ; e^i) (« — ^b^o) (« — ^s e^f = 

ej=(110) 65 = (220) + (330) 64= (221) — (331) <% = (320) C8 = (32l) 

e, = (211) 

2)/pe * (}7„ ti, j\, ki', vit; Cg,) (x — x, Cq) (« — x^ Cof = 

e, = (llO) 66 = (220) + (330) + (440) 64 = (320) 63= (420) 65= (221) 

ej = (211) 

%»» (>7j, ii, if ; ri»,iss] ^1) («— a"6«o)* («— «6e6)' = 

e,= (220) 65 = (110) 64 = (221) «i,= (lll) eg=(112), <!i = (122) 

Type • (>7i , t, , ji ; v!i, i» ; «2i) (« — «6 «b)* (« — «e «b)' = 

«i = (330) C5 = (110) + (220) e4 = (331) eg = (210) Ci=(lll) Ci = (3n) 

Type'' (»7, i„ t?; >72 ; «w, e'a) (x — Xj eo) (x — x, Cq)' = 

(I)e8 = (ll0) 65= (220) +(330) + (440) €4 = (221) + (430) «i,= (222) 

ejj = (3l0) Ci = (410) 

(2) 69 = (110) «5 = (220) + (330) + (440) e4 = (22l) <^ = (222) 

c,= (310) c, = (4l0) 

Type'^(m,h,ii',Va; «u, Cn) (x — x, Co) (x — Xj Cb)' = 

(1) e,= (330) + (440) Cj = (110) + (220) C4 = (l32) e8 = (310) «8 = (lll) 

e, = (112) 

(2) e4 = (142) 

Type " (»?i, ii, j\ ; m; Sji, 4) (x — x, co) (x — x, Cq)* = 

(1) c, = (110) eg = (220) + (330) + (440) + (550) 64 = (320) + (540) 

e, = (221) ei=(410) Ci = (510) 

(2) 64= (320) 

1 Hawkbs (VI) 1, 1. « Hawkes (VI) 1, 6. 1 Uawkbs (VI) 8, 1, 8« 8. 

« Id order Hawkbs (VI) 1, 3, 1, 4, 1, 2, . » Hawkes (VI) 3, 1. » Hawkes (VI) 4, 1, 4« 8. 

• Hawkes (VI) 1,5. 'Hawkes (VI) 2, 3. • Hawkes (VI) 8,8; 8« 4. 
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(1) c, = (330) + (440) e8 = (110) + (220) + (550) e^z={lZi) 63 = (310) 

62= (210) <f, = (lll) 

(2) 64 = (141) (% = (311) 

Type * (>7, , t'l ; >78, tg ; %, Cu) (« — a. Co)* (« — a^e «6)* = 

(l)c, = (440) e5 = (110 + (220)4-(330) C4 = (lll) es = (44l) Cij=(l40) 

ei = (14l) 
(2) Ci, = (440) Cj = (110) + (220) C4 = (lll) fli,= (441) C8 = (240) 

e, = (241) 
(3)«i,= (440) e8 = (H0) + (220) + (330) e4=(lll) c, = (441) Csj = (340) 

Ci = (240) 

Type* ()7„ »j; ri^, i,; e^, e„) (« — a-j Co)* (» — ZBeo)" = 

(1) ci, = (330) + (440) C5=(110) + (220) e^ = (310) + (421) 

C8 = (13l) + (240) fej = (441) ei = (lll) 

(2) «8 = (240) 

(3) e, = (310) C8=(l31) + (240) 

(4) ei,= (240) 

Type * ()7i , t'l ; vit; efs, «i3, e'n) («— «• e^){x — ^ ^)' = 

(1) e8=(440) c, = (110) + (220) + (330) e^ = {in) 68= (340) 

eg = (140) ei = (14l) 

(2) Ci = (550) 65= (110) + (220) +(330) + (440) e4 = (lll) c^ = (160) 

Cg = (250) «i = (151) 

(3) ■ Cs = (350) 

ej = (450) 

Type^ (>7i, »i ; yii\ ««, «m, «m) (« — ^b^o) (» - ass*©)* = 

(1) (?8 = (440) + (550) ej = (110) + (220) + (330) «« = (530) e8=(l40) 

e,= (lll) c, = (141) 

(2) e8=(141) 

c, = (240) 

Type* (ni, »i; >7s; «^i, e»i, ««) (« — a:6«b) (« — x^e^^ = 

c, = (440) + (550) e, = (110) + (220) + 330) C4 = (410) e8=(14l) 

^ = (111) «,= (530) 

Type ^ (>7i ; >7s ; ei, , e[i , e'^, e{^) (x — «, eo) (x — Xj «„) = 

e, = (660) ej=(110) + (220) + (330) + (440)+(550) e^ = (460) 63 = (360) 

e2 = (260) ei= (160) 

' Hawkbs 4, a, 4, 4. • Hawkbs (VI) 5^ 2, 7, 1, 7^ 3. « IIawkes (VI) 8^ a. 

» Hawkes (VI) 5« 1, 5, «, 5, 4. ' Hawkbs (VI) 8j 1, 8^ 3. ' Hawkbs (VI) 9,. 

• Hawkes (VI) 6j 1, 6, a, 6, 3, 6, 4. 
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^fepe * (»?i ; »7« ; «B> «i«> ^13 1 %) (« — «i<b) («— a^«b) = 

«,= (HO) + (220)+ (330) + (440) 6^= (560)+ (660) 6,= (460) ^3= (360) 

ej=(260) ei= (610) 

%»* (»7i ; »72i «B«i2«a<iBi) (« — a, <%) (x — ois i^)) = 

«i= (440) +(650) + (660) Cs = (HO) + (220)+ (330) e4=(630) 

«8 = (530) «2 = ( 250) c, = (140) 

%P«' (»7i; «i; »7«» »78; «», «») (« — «4«o) («— aje^o) («— a«^)*= 

«i = (110) eis = (220) e« = (330) 63= (313) Cg=(323) tf^ = (333) 

%>«* ivi, hi Vii m; en, ea) («— ^i «6) («— scs^b) (« — a8«b)* = 

e,= (110) e, = (220) e4=(330) e8 = (212) ci,= (232) Ci = (331) 

^i>«' (>7ii hi %; »7i; «i8, «m) (a— «4«o) («— JCs^b) (a — ar, <n,)* = 

flB = (llO) 6, = (220) ©4 = (330) 63 = (231) «g = (312) Cj=(332) 

^Pe' iVi, *ii Va', Vs) en, ^) (» — «« ^) («— scs «b) (ar— ^e «b)' = 

c, = (110) 6,= (220) 64 = (330) es=(l2l) ^ = (231) Ci = (331) 

%*»' (»7iJ »78i »78; «u, «i8, Cis) («— «4«b) (at— a:8«b) («— a.^)) = 

e,= (ll0) 65 = (220) C4 = (330)+(440) e8=(31l) Ci8 = (420) «i = (32l) 

Type* ()7i; >7g; viz] ^12, ^u, O (»— a;4<%) (a;— Xjeo) (a; — sr,^) = 

(1)«8 = (110) C8=(220) et = (330) Ci,= (312) «i5=(23l) ei = (322) 

(2) C8 = (211) eg = (320) ei=(311) 

(3) «8 = (321) «, = (311) 

Type* (»7i; vit) ri»', ^a, «u, Csi) («— a;«Co) (a?— arj^) («— a:,c) = 

«i = (110) «i=(220) 64 = (330) +(440) e8 = (420) eg = (130) e, = (321) 

^je^Cnii m'f mi eu,ea,ea) (a; — aj^ «b) (» — »j Co) (x — a, «!,) = 

«i, = (110) e,*=(220) «4=(330) «8 = (21l) c, = (131) Ci = (321) 

> Hawkb* (VI) 10^. • HAWKE8 (YD 2, 9. > Hawkbs (YD 4,, «, 1, 9, 8. 

• Hawkm (YD II4 . • Hawus (VI) 7,. 'Hawus (YI)6,. 

* Hawkm (VI) 1, 3. 1 Hawub (VI) 8,. I* Hawkbb (YD 8,. 
« Hawkbs (YD 0,. 
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448. Quadrates. The units in this case have been given. 
Dedekind Algebras. These have been considered. 



Order^ 7. «i=:(110) 
e, = (330) 


«i = (120) 
e, = (l30) 




68 = (210) 

ej = (230) 


Order 8. Type g, X {n, ») 






aji^ X Xg 
a5g «««» — 


-X 


«=0 



This is biquaternions. 



Xi€q — X X2 



{x^€q — xy= 



^4=1(220) 



(110), (120), (210), (220), (330), (331), (131), (231) 
Order 12, Triquatemions. 

Order 16. Quadriquatemions. 

It is not a matter of much difficulty to work out many other cases, but 
the attention of the writer has not been called to any other cases which have 
been developed. 



1 SOHBFFBRS Q, . 



*SCHBFPBRS Qj, Q4 



PART III. APPLICATIONS. 

XXm. GEOMETBICAL. 

449« The chief geometrical applications of linear associative algebras have 
been in Quaternions, Octonions, Triquaternions, and Alternate Numbers. 
These will be sketched here very briefly, as the treatises on these subjects are 
very complete and easily accessible. What is usually called vector analysis 
may be found under these heads. There are two other algebras which find 
geometrical application in a way which may be extended to all algebras. 
These will be noticed immediately.^ 

450. EquipoUences. The algebra of ordinary complex numbers 



en= 1 



has been applied to the plane. To each point (x, y) corresponds a number 
2 = a: + ye^. The analytic functions of z (say f(z) where df .z^^f {z) . dz) 
represent all conformal transformations of the plane ; that is, if z traces any 
figure Gi in the plane, /(z) traces a figure G^ such that every point of Gi has 
a corresponding point on G^ and conversely, and every angle in Gi has an 
equal angle in G^ and conversely.* 

451. Equitangentials. The algebra 





e<i 


«i 


eo 


Co 


«i 


«i 


ei 


«o 





«6 


Cl 


«o 


«b 


«i 


«i 


Cl 






^0= 1 

has also been applied to the plane. The analytic functions of z represent the 
equisegmental transformations of the plane, such that / (z) converts a figure 
into a second figure which preserves all lengths.^ To 2= a + Cj y corresponds 
the line ^ cos a; + >7 sin x — y = 0. 

452« Qnatemions. Three applications of Quaternions have been made to 
Geometry. In the^rs^ the vector of a quaternion is identified with a vector 
in space. The quotient or product of two such vectors is a quaternion whose 
axis is at right angles to the given vectors. Every quaternion may be 
expressed as the quotient of two vectors. 

I See Bibliography of Quaternions. Also the works of Hamilton, Clifford, Combebiac, Grassmamn, 
GiBBS and their successors. 

^Bbllavitis 1-16 ; Soheffbrs 10. 'Scheffers 10. 
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The following formulae are easily found : 

(1) If a ia parallel to j3 F. a/3 = 

(2) If a is perpendicular to j3 S . afi =^0 

(3) The plane through the extremity of S^ and perpendicular 

to a is S{p—S)a = 

(4) The line through the extremity of a, parallel to ^ . . . . 7(p — a) /3 = 
(6) Equation of collinearity of a, j3, y V{a — fi) {fi — y) = 

(6) Equation of coplanarity of a, ^, y, 5 . . . . S{a — ^) {^ — y){y — 5) = 

(7) Equation of concyclicity of 

a,i8,y,5 V(a-(S)(^-y){y-B){8-a) = 

(8) Equation of cosphericity 

of a, fi, Y, h, e Sia-fi) {^-y) {y-h) (5- e) (e-a) = 

(9) The operator qOq'^ turns the operand () through the angle which is 
twice the angle of q^ about the axis of 9. The operand may be any expression, 
and thus turns like a rigid body. These operators give the group of all 
rotations.^ 

(10) The central quadric may be written Sf^f = — 1 = grp* -f 2 /Sip iSJtip, 
where ^ is a linear vector self-transverse function ; X and ^ are the cyclic 
normals ; 



a = ^/gt—gl i + ^gs—g^J^ ^f^ii = ^g2 — gii—^gz—gzh 

% and Jc being in the direction of the greatest and the least axes, and the axes 

are given by gi = — r , g% = "jS"! 9z — ~^- Conjugate diameters are given 

by Sa^fi = Sp^Y = ^Y^ — 0- 

(11) For any curve, p = <^(<), any surface, p = ^(<, ti) or /^'(p) = 0. 

dp is parallel to the tangent of a curve, ^~^ yy ^s the vector curva- 
ture, Udp S YrJ d^ ^ ^^^ vector torsion, a = [Tdp is the unit tangent^ 

fi = UVdp d^p Udp is a unit on the principal normal, y = Wdp d^p is a unit 
on the binormal. For a surface F{p) = 0, v-^ is the normal, S{p — p^,) v-^= 
is the tangent plane.' 

The second application^ of quaternions to geometry is by a homogeneous 
method. In this the quaternion q is written q^=Sq{l + p); &Qd q is regarded 
as the affix of the point p with a weight Sq=:w. 

1 C1.TLIT 10. * Hamilton's works, Ti.it*8 works, Jolt's works. 

*Tbis application may be followed ia Jolt 20, 11, 25; Shi.w 8; Chapman 4; sea also Bbill 1. 
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We write also 



A . q Are = 



A . qr Aatu = 



r 8 

Sqr Sqs 




8 t 

Sqs Sqt 
Sfs Sft 


u 
Squ 
Sru 



t 


u 


V 


to 


Sqt 


Squ 


Sqv 


Sqw 


SH 


Sru 


Srv 


Sfw 


Sit 


Siu 


Siv 


Siw 



A . qrs A . tuvw = 



In particular we may write 

— A . 1 Adb = -A' . ah 

A . ah Aijk = A'f.ab = V.Va Vb 

S.aAhc Aijh = S .VaVbVc= SA . abc 

A . abc = — K . A . abc Al ijk 

S . a A . bed = — Sd Abed A • 1 iJk 
We have 

(1) The equation of line a, & is A . abq = 0. 

(2) The equation of plane a, 6, c is S . q Aahc = 0. 

(3) a, b and c, d intersect if S . d Abed = 0. 

(4) The point of intersection of iS . ?? = = Smq = Snq is q=' A . Imn. 
The third application of quaternions is to four-dimensional space.^ 

(1) Any quaternion p represents a four-dimensional vector in parabolic 
space. All vectors parallel to p, in the same sense, and equal in length are 
represented by p. 

(2) If 9 is a second vector, then the angle Z {p, q) being 6 

cos d = SUp Vq = S.VpUq 

(3) The condition that^^ is perpendicular to q is Spq = Spq = 0. 

(4) There is for 2? as a multiplier j> () a system of invariant planes, one 
through any given line ^, called a system of in-parallel planes. Multiplication 
by Pj Py has also a system of invariant planes, called by-parallel planes^ one 
through each line q. The displacement of ^ in any invariant plane is constant 
and equal to the angle oip. The tensor of g' is multiplied by the tensor oip. 
li q is resolved parallel to two invariant planes of />, these components turn in 
their planes through Z p, and the product pq has these results for its 
components. 

(6) If Vqp = 0, J is parallel to p, 

(6) The projection oi qon p \b Up Sq KUp. 

The projection of 9 on a vector perpendicular to p is Vq KTJp . TJp. 

(7) The plane through the origin and the two vectors from the origin 

ttj — Oj and tti (ai — 02) is ai p + i^Og = 



^ Ui.THi.WAY 2, 8, 4, 5 ; Stbinohuc 4, 5, 7. 
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The plane through the point aj a containing the vectors 

tti — 0^2 and ttj (ttj — ctg) is ai g + qa^ + 2a = 

(8) If 

tti = ± TJVec^ ttg = =fc UVec, and a = — a^ Oo 

then the equation of the plane through Uq containing the vectors c, e is 

aip -{rpaz + 2a = 

(9) The plane through c, d^ e is given by the same equation with 

ai= ?77(c5 + rf6 + ca) a2=: CrF(cd + de + ec) 

a = — i (ttj c + Cttg) = — i (ai d + da^) = — H^i ^ + ^^) 

(10) The normal to the plane is aja. 

(11) The point of intersection of the two planes 

ajp+pa^+ 2a=0 = ^ip+p^^+ 26 
is 

^ _ ^1 ^ — ^^2 + aib — ba^ 

(12) If the two planes through the origin (aiOjO) (i^i/^, 0) meet in a 
line through the origin, it is necessary and sufficient that 

The cosine of the dihedral angle between the planes is d= Sai^i = =fc Sa^P^. 
They are perpendicular when this vanishes. 

(13) The two planes {aia^2a) {^i^^2b) meet in a straight line if 

tti 6 — 6 ttg + i^i ^ — a ^2 = 
Let 

f=aib—ba^ g = fiia — a^2 m = S{a2^2 — <hPi) 

then if /= — 9^^$ ^® equation of this line is 

a — 27a6 

(14) The two planes meet in a point at infinity if tw = and f+g^jpO; 
they meet in a line at infinity if 

^1 = ± ai /?2 = ± aa 

(15) The perpendicular distance between the planes (aia2 2a) (aia2 2&) 
is in magnitude and direction ai (a — &). 

(16) The vector normal from the extremity of c to the plane (010226) is 

i Oj (2a + «! c + cojj) 

(17) The vector normal from the origin to the intersection of 

ab — bu 
(oi og 2a) and {^j ^^ 26) is ^-^ — ^ 7+5^ = 0, f^g 

(18) Two planes meet in general in a point or in a straight line. Through 
any common point transversal planes may be passed meeting the two in two 



• _ . 
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straight lines u, v and forming with them equal opposite interior dihedral 
angles. The angle between these lines u, v is the isoclinal angle of the two 
planes. Two planes have maximal and minimal isoclinal angles if there exist 
solutions + a{u and c + ^{v of their equations such that 

/Sxiti^=0 Spiuv = Suv d^ SaiU^iV 

The planes of these angles and these only cut the given planes orthogonally. 
The lines u and v are given by 

v = ^1 (yi + ys) — (yi + ys) ^a ya = UVa^^^ 

aju = n' = ai(yi — yg) — (yi — y2)a2 

/?i» = t?' = /?i(yi — ya) — (yi — ya)^2 

(19) There are no maximal and minimal isoclinal angles if any one of 
the four conditions is satisfied : 

^1 = ± ai ^2 = ± Oa 

In this case the isoclinal angle is constant for all variations of Q. 

(20) Two planes are perpendicular and meet in a point if 

ASizii3i=— /Si2i3,4:0or if: 1 
Two planes are perpendicular and meet in a line if 

Two planes are hy perpendicular if every line in one is perpendicular to every 
line in the other. In this case 

that is 

^1 = ± aj /?8 = =F 02 

If two planes are parallel 

«! = /?! Ota = /?a 

453. Octonions. The following are the simpler results : 

(1) The vector from to P is a rotor p and may be transferred anywhere 
along its own line. It is not equal to any parallel rotor. Rotors from the 
same point are added like vectors, p + e being the diagonal of the parallelo- 
gram whose sides /roin are p and f. 

(2) The side parallel to p is p + flJtffp, that parallel to f is e + flifpg. 

(3) If all vectors are drawn from 0, the usual formulae of quaternions 
hold. Thus the equation of the plane perpendicular to 5 through its extremity 
is S (f — 5) 5 = ; the line through the extremity of 5 parallel to a is 
p = 5 + to* But a rotor in the plane is not p — h but p — h + flif . 5p and 
a rotor on the line is not xa but a; (a + SlMha). 

(4) A velocity of rotation about an axis is represented by a rotor on 
that axis, a translation along the axis is a lator on that axis. A motor, as 
CO + A(T, indicates a displacement such that in time dt any point rotates about 
the axis of the motor by an angle 7g) . dt and is translated along the axis by 
a distance To dt. 

8 
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(5) The axis of M . AB is the common perpendicular of the axes of A 
and B. The rotor of Jf . AB is the vector of the product of the rotors of A 
and B considered as vectors through 0. The lator of M. AB has a pitch equal 
to the sum of the pitches of A and B and the length of the common perpen- 
dicular multiplied by the cotangent of the angle between A and B {=d cot Q). 

(6) The rotor of -A + -S is equal and parallel to ai -f ^, the sum of two 
rotors from equal to the rotor of A and parallel to the rotor of B respect- 
ively, and intersects the common perpendicular from J. to £ at a distance 
from equal to [w being the common perpendicular] 

(7) Si . ABC is one-sixth of the volume of the parallelepiped whose edges 
are the rotors of ABC. Mi . ABC is a rotor determined from the rotors of 
J., -B, (7 as F. a^y is from a, /3, y. 

t.S.ABG= tA+ tB + tG+ dcote — eiein^] d andUasin (5), 6 and ^ 
the common perpendicular from M. AB to C, and the angle. 

i.MABG=tA+tB + tG ,..f'l^~'iy. U 

cot*0tan^4> +cot"0+tan*4> 

(8) It B and C are motors whose rotors are not zero and not parallel, 
then XB + YG is any motor which intersects the common perpendicular of 
B and C perpendicularly.* 

454. Triqoatemions. If /tz, ^i' are points, S, h^ lines, w and n/ planes, all of 

unit tensor, 

a^ or^ d?8 



fA = f4a-o + a)(iai+yar2 + 7rx8) (i is the point -^, , 

•cq Xq .Co 

m= (o/3o+ it^ (*«! +ya2 + fcxg) «» is the plane /3o a^ + «! ^i + «2a*2 + ota^ = 
8 = iai +ya2 + fcxg + td (t/3i +y/32 + */3s) aj /Jj + ag /?2 + ag /?8 = 



S is the line 



POI . i>(B . i>08 . i>28 . 2>81 . Pn 



tti ' a2 ' as * /?i ' ^2 ' /^8 
That is, a point or a plane is represented by the symmetry transformation 
it produces; a line, by a rotation about it as an axis through 180°. 

(1) Ghh' is — cos of angle between the lines. 

(2) Gwm' is — cos of angle between the planes. 

(3) LinJ is the vector of ^J towards ^. 

(4) L^ih is the vector perpendicular of the plane containing the point and 

the line, tensor equal to distance from point to line. 

(5) Lhh* is the complex whose axis is the common perpendicular and 

whose automoment is the product of the shortest distance by the 
cotangent of the angle. 

(6) L^iw is the perpendicular drawn through (i to the plane m. 

(7) L^w is the point of intersection of the line and the plane, tensor equal 

to the sine of the angle of the line and plane. 



1 M'AULAT 2. 
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(8) LmxJ is the line of intersection of the two planes, tensor equal to the 

sine of the angle. 

(9) Pyih is the plane through ft perpendicular to h. 

(10) P^ is the plane at oo multiplied by the shortest distance and the sine 

of the angle of the two lines. YIV is the moment of the two lines. 

(11) PyLxa is the plane at m multiplied by the distance from \i io m and 

positive or negative as \i is on the side of the positive or negative 
aspect of the plane. 

(12) Phm is the plane drawn through the line perpendicular to the plane, 

tensor equal to the sine of the angle of the line and the positive 
normal of the plane. 

(13) If y, y' are two complexes of unit tensors, Pyy' = means the two 

are in involution. 

(14) A displacement without deformation is given by r()7*"^: 

r = j + og, /S^ji = P[r« — (Xr)«] = 

The axis is 5 = FXr = Cr( 7j + «7ji). 

The angle of rotation is 26. 6 = tan~^ 'YV 

The translation is 2>7. 17 = Jf^ 

r = (1 + cj5>7) (cos 6 + 5 sin 0) 

(16) Transformations by similitude are given by r = f/y + o^'i . Sqc[i = 

(16) The triquatemion r produces a point transformation w! = rmr"^^ 

if r = ir + ? + /), 2m7P — P P = 

This transformation may be written — — — — -^ which is a 

rotation about the line c2, and a homothetic trausformation whose 

center is m and coefiScient — v—rKz* 

Hence r produces the group of transformations by similitude.^ 

(17) A sphere* is represented by the inversion which it leaves invariant; 
that is, by the quadriquatemion (i {ixi +JI/1 + kzi) + (dw^ + (Jw^. 

(18) If if and M' are two spheres of zero radius, m and m! their centers, 
LmM ^=1 Lm! M is the line {mm!). The sphere on wi m' as diameter is 
PmM. If (2 is a line, then P . Md is the plane through d and m. 

455. Alternates. There are various applications of the different systems 
of alternates, notably those which are called space-analysis — the development 
of Grassmann's systems; vector-analysis—eL Grassmann system without the 
use of point-symbols or else a system due to Gibbs; and finally the Clifford 
systems. No brief account or exhibition of formulaB can be given.® 

> COMBEBII.C 2. > C0MBEBII.O 8. 

•See Bibliography of Quatemiont; notably Jolt 6 ; Htdb 4 ; Whitehead 1 ; Gibbb-Wilson 3. 
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XXIV. PHTSICO-MECHANICAL APPLICATIONS. 

466. These are so numerous that they may be only glanced at. Quater- 
nions has been applied to all branches of mechanics and physics, biquaternions 
and triquaternions to certain parts of mechanics and physics, alternates and 
vector analysis in general to mechanics and physics. The standard treatises 
already mentioned may be consulted. 

XXV. TRANSPOEMATION GEOUPS.^ 

457. Theorem. To every linear associative algebra containing a modulus 
belongs a simply transitive group of linear homogeneous transformations, in 
whose finite equations the parameters appear linearly and homogeneously, and 
conversely.^ 

458. Theorem, Associated with every linear associative algebra containing 
a modulus and of order r, is a pair of reciprocal simply transitive linear 
homogeneous groups in r variables.' 

459. Theorem. To a simply transitive bilinear group which has the 
equations 

X^/= 2 a«8 x^ -g— - (i = 1 r) 

8 

corresponds the algebra whose multiplication table is ^i^Ar= 2a<;k, 6,, and 

8 

conversely.* 

r r 

460. Theorem. The product of a = 2 a^ e^ and 6 = 2 6< e^ gives the finite 

transformation corresponding to the successive transformations^ of the para- 
meters (aj . . . . Ur) and {bi b^). 

461. Theorem. To every sub-group of (r, the group corresponding to the 
algebra 2, corresponds a sub-algebra of 2, and conversely. To every invariant 
sub-algebra of 2 corresponds an invariant sub-group* of G. 

462. Theorem. To the nilpotent sub-algebra of 2 corresponds a sub-group 
of (r, Yi{f) Yk (/), such that for no values of F. /or X ./, transforma- 
tions respectively of the sub-group and the group, do we have® 

Y{X/) = i,X/ 6)4:0 

X{Y/) = G>^X/ 6)' 4:0 

(FX) = Y{X/) — X{Y/) = oX/ 6) 4: 

463. Theorem. The invariant sub-group g^ corresponding to the nilpotent 
sub-algebra a, is of rank zero.* 

^Studt 7. <PoiNCi.RE 1, 2, 8 ; Study 8; Cartan 2. See also Schub 1. 

«8tudt 1, 8; LiE-ScHBFFBBS 4; Cabtan 2. * Cartan 2. ^Cabtan 2; Study 8. 

^Cartan 2. Cf. Enoel, Kleinere Beitrage zar Oruppentheorie, Leipziger JBerichte, 1887, 8. 96; 1893, 
S. 860-869. 
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4S4. Theorem. To every quadrate of order t'=t^ corresponds the para- 
meter group of the linear homogeneous group of j? variables.^ 

465. Theorem. To every Scheffers or Peirce algebra corresponds an 
integrable simply transitive bilinear group, whose infinitesimal transforma- 
tions are 

X^ = Xi -3— + 2 yp -^— • = /^p (o^i; ^i are the characters of >?<) 

and whose finite equations are ' 

X'i = tti Xi 

yl = «(8i y< + *i »s + 2ax^,5^y* (^<*, /<<») 

466. Theorem. Every simply transitive group can be deduced from a 
group of the form just given, 

or 

p(i) _ ^Oi) po + ^i) jca,) + 2 a,^, B^^^ r^» (X <hii< i) 

by setting to correspond to each variable X^^ or Y^^^ of character (a/3), p^P^ 
new variables ar|^^, yj{*\ where i^j are respectively any two numbers of the 

series 1, 2 ... . p., 1, 2 p^. Likewise to each parameter A^\ JB^**^ of 

character (a/3), juPfi i^ew parameters a{J^, Jjj^ 

The simply transitive group is then defined by the infinitesimal trans- 
formations 

X%=1 x«> -^j^ +'^ 2" V' -A- (/?, = t; a, ^ = 1, 2 . . . . 2>,) 

A-1 ^^xfi p,A ^yA/a 

A=l ^* <>'yA^ i,«,A C7yA^ 

or by the finite equations ^ 

l,S....i>i 
A 

y!S = 2a5*' ylS +26i'i a;il*> + 2a^, iU> yil> 

A A pvA 



iCabtan 2; Molien 1. Of. Catlet 11, 5; Laouerrb 1; Stefuanos I ; Klein 1; Lipscuitz 2. Also 
Catlit 8 ; Frobenius 1; Sylvester 1 ; Wetr 5, 6, 7, 8. 
• Cast AM 2. 
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467. Theorem. Every simply transitive bilinear group G is formed of a 
sub-group r of rank zero^ and a sub-group g which is composed of h groups 
fl'i • • • • fl'/ii respectively isomorphic with general linear homogeneous groups of 

P\9 p% Ph variables. Moreover the variables may be so chosen that the 

p\ first variables are interchanged by the first gi of these h groups, like the 
parameters of the general linear homogeneous group on pi variables, and are 
not altered by the other h — 1 groups ; the same is true of the jf^ - • • • p| 
following variables ; finally these i>i + .... -^ p\ variables are not changed 
by the sub-group ^ V. 

468. Theorem. All simply transitive groups are known when those in 
§ 465 are known.* 

469. Theorem. Every real simply transitive group Q is composed of an 
invariant sub-group F of rank zero, and a sub-group g which is the sum of h 
groups gi ' • ' ghf cflfPh of which belongs to one or other of the three types 
following: 

(1) The groups of the first type are on pP variables Xfj and are given by 
the formulsB 

or 

^ij = «i^ a^ii + «2 j »<2 + + «pi ^ip 

giving the parameter group of the general linear homogeneous group on p 
variables. 

(2) The groups of the second type are on the 2p* variables ar^, t/ij and are 
given by the formulsa 

_ a _d_ d _d_ 

_ d d _d_ _d_ 

5^u-a^ii 32/;;+ •••• +'^^'a^~y"a5;;+ '"'~y^''d^ 

or 

aj'o = a^ ^<i + + ^vd ^ip — *ij yii ~ — *«/ Vip 

y\j = <^ij y<i + + (^pj !/ip + byj ^ii + + ^fl/ ^ip 

(3) Those of the third type are on 4p^ variables x^j^ j/ij^ z^^^ t^j, given by 
the formulae 

TT ^ r 3. 9. 3..9^ 

V —^ r 3 3 3^ , , 3 \ 

'z ^ r 3 , 3 a ,3\ 

^^^=x!A^^*-3^ + ^^*-3^-'^*3^-'^*3^^ 
rp ^ r ^ 3.^3 / 3 \ 

1 CABTAN 2. Of. MOLIBN 1. « CABTi^H 2. 
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or p 



P 

t/a = 2 (^A> yjA + *Ai Xix — C;^^ <<A — dxj ^ix) 

A=l 
P 

z'l^ = 2 {a,,j z^ + 6xj <u + Cx^ XiA — d^s Vv) 

A— JL 
P 

^ij = 2 (a^^ <<;, — 6a> 2u + Ca^ ytA+ ^^Ai a^u) 

A=l 

To each of these groups of ^, 2/>', or if? variables we can set to corre- 
spond ^, 2/)*, or 4/)* variables which are interchanged by these equations, 
without being changed by the other groups which enter g nor by the sub- 
group r. All these variables are independent.^ 

470. Theorem. The groups in §469 are not simple, but are composed of 
an invariant sub-group of one parameter and simple invariant sub-groups of 
jp^ — 1, 2p^ — 1, 4^* — 1 parameters.^ 

471. Theorem. Simply transitive bilinear groups in involution (transfor- 
mations commutative) are given by the formulsd 

1=1, 2 r — 1 ttxte = if « » t, « « X 

or 

A, ft 

7i 7\ 7i 7i 

7k 7i 7\ 7k 

or^ 

of =iax — cz 

zf ^=zaz + ex 

l/i = ^Vi — c<i + 6^x— rf<z -f 2 a;,^^ (6^ y^ — d^ Q — 2 ^^.^K <a + d^ yj 
^i = aU -^cy^ + hz + d^x + 2ax^t (^m 'a + d^ yj + 2 jff^.^^ (6^ y^ — d^ O 

472. TlieorenL Every bilinear group G is composed of an invariant sub- 
group r of rank zero, and of a sub-group g which is the sum of a certain 
number h of groups which are respectively isomorphic with the general linear 



>CAUTA!f 2. 
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homogeneous group on^j, p^ p;^ variables. Every real bilinear group O 

is composed of a real invariant sub-group F, and a sub-group g which is the 
sum of 7i groups each isomorphic with one of the three following groups: 

(1) The general linear homogeneous group on p variables. 

(2) The group on 2p' parameters and 2p variables x^y y^\ 

a/< = Oh cci + + «pi a^p — 6i< 2^1 — — &pi ^p 

a/i = «iiyi + + api yp + 6ii a-i + + 6pi ajp 

(3) The group on 4p^ parameters and \p variables «•<, y,, z<, <<: 

p 
a/^ = 2 (ax< Xx — Ki Vk — c^i Zk — d^t k) 

P 

y\ z= 2 {a^i y^ + h^i »A + CAi <a + ^xi 2Ja) 

A=l 
P 

2/^ = 2 (aA< 2a + ^Ai ^A + Ca< «A+ ^Ai ^a) 
A=l 

P 

t\ = 2 (ttAt <A + ^Ai Za + CAiyA+ ^Ai arA) 

A=l 

Each of these groups is formed of a simple invariant sub-group on p* — 1, 
2pP — 1, or 4pP — 1 parameters and an invariant sub-group on one parameter,^ 

473. Theorem. Every bilinear group is composed of an invariant sub- 
group r of rank zero, and one or more groups g^i, g^g • • • • of which each g is, 
symbolically, the general linear homogeneous group of a certain number of 
variables Xj . . . . J^, these variables being real, imaginary, or quaternions, 
and the p^ parameters having the same nature, 

X'w = I X« A,, 

A=l 

If the variables and the parameters of the bilinear group G are any 
imaginary quantities whatever, the group is composed of an invariant sub- 
group r, of rank zero, and of one or more sub-groups i/i, g^2 • • • • ^^ which 
each g is the general linear homogeneous group of a certain number of series 
of p variables, of course imaginary.^ 

474. Theorem. The quaternion algebra is isomorphic with the group of 
rotations about a fixed point,^ with the group of projective transformations on 
a line, and with the group of special linear transformations around a point in 
a plane. 

475. Theorem. Biquaternions is isomorphic with the group of displace- 
ments in space without deformation.^ 

476. Theorem. Triquaternions is isomorphic with the group of displace- 
ments and transformations by similitude.* Quadriquaternions is isomorphic 
with the group of conformal transformations of space. 

iCaktan2. 'CatletIO; Laouekbe 1 ; Stbfhanos 1 ; Strinoha.!! S; Bbez 1. 

<M'AULAT 2; CoMBBBTAC I; Study 5. ^Combebiac 2, 8. 
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X3CVL ABSTEACT GBOUFS. 

477. Theorem. Every abstract group is isomorphic with a Frobenius 
algebra of the same order as the group.^ 

478. Theorem. The expressions for the numbers of the Frobenius algebra 
corresponding to the group are determined by finding the sub-algebra consist- 
ing of all numbers commutative with every number of the algebra, then 
determining by linear expressions the partial moduli of the separate quadrates 
of the algebra, and then multiplying on the right and on the left by these 
partial moduli. Every number is thus separated into the parts that belong to 
the different quadrates. The parts for any quadrate of order r^ determine 

the rf quadrate units of the sub-algebra consisting of the quadrate, which 

p 
determination is not unique. In terms of these r = S rf units all numbers of 

the algebra may be expressed.^ 

479. GHieorem. The characteristic equation of a Frobenius algebra con- 
sisting ofp quadrates is the product of p irreducible determinant factors. The 
pre-latent equation and the post-latent equation are identical and consist of the 
products of these p irreducible factors each to a power r< equal to its order.' 

480. Theorem. The linear factors of a Frobenius algebra correspond to 
numbers which are commutative with all numbers. The number of linear 
factors is the order of the quotient-group; that is, the order r divided by the 
order of the commutator sub-group. 

481. Theorem. The single unit in each of the quadrates of order unity, 
may be found as one of the solutions, cr, of the equations 

^(T = af = to for all ^'s 

For the ^s it is suflBcient to take the r numbers corresponding to the operators 

of the group. Thus if cr = 2 . Xi c^, and if e^ ej = ej^, hence e^ e^-ij = e^, we 

must have 

to = (T . Cj = 2 . a*^ e<j- = 2 Xij - 1 e< for all ^ s 
Hence 

If Sj is of order /f^, ^^J^i = Cj = 1, then 

Xij-i = te< ^ij^^ =^fxi Xij-^ = t'Xi Vi = 1, or x< = 

Hence 

t = cos h V — 1 sin - - = <^ n = 1 . . . . u, 

since not all Xi vanish. 



>PoiNCARK 4; Shaw 6. This theorem follows at once from Cartan 2. See also § 121. 
* PoiircARK 4 ; Shaw 6. « Fuobenius 14 ; Shaw 6. 
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(T = 2 Xi (e< + tj e^j-l + ^€ij-9 + ) 

= Xx^e^{l + tjej'-i+ + ip'^ej) {J= 1 r) 

The subscripts i run through those values only which are given by the 
table { G^f = {«i^}. By operating on a with other numbers €j^ we establish 
other equalities among the x^s and finally arrive at the units in question. 

482. Theorem. The units in the quadrates of order 2^ may be found as the 
solutions of the equations 

^(r = ^i^cr + Agcr a^ = t[a^ + t^a (f any number) 

We may state this also 

(^1^8 + ^2^i)<y — h^i(y — h^2<y + <8<^ = (^1, ^a any numbers) 

The units in the quadrates of higher orders may be found by similar 
equations. 

483. Theorem. The numbers e^, i = 1 . . . . r, may be arranged in con- 
jugate classes^ the sum of all of those in any class being commutative with 
all numbers of the algebra. If these sums are Ki, K^ . . . . JT^, then 

h 
i=l 

The partial moduli of quadrates of order 1^^ are formed by operating on a 
with all numbers and determining the coefficients to satisfy the equations 

The partial moduli of quadrates of order 2^ and higher orders satisfy the 
equations of § 48 2. 

484. Theorem. Every Abelian group of order n defines the Frobekius 
algebra ^ 

6^ = yl^io (t =: 1 , , . • 7*) 

485. Theorem. The dihedron groups, generated by e^, 6^, 

define Frobenius algebras as follows : 

When m is odd : Let o*^ = 1, o being a primitive root of unity, then the 
algebra is given by 

We notice that 

ej = Xjio 4" '^o I 2 ((•)"■ ^iii-\' If ^i-^i) "f" ^ ^«+8> 2i+29 o) f t = 1 . . . . 2 J 

Cg = yliio '^aO + 2 {^2i + l9 2i-^27 "i" ^ + 2| 2i+l;o) ^f = 1 ... . ^ J 

1 Shaw 6. This reference applies to the following sections. 
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When m is even, the algebra is given by 

(.•=3....^ + l) 
We notice that ^ 
^2= Xjio + '^ao — '^ — '^440 + 26) '^t-iiai-iio 

-^^id ^2ii2i;0 

eg^ JljlO X2JJ0 + >l380 — ^^440 + 2 ('^i-l,2i|0+'^i; 2i-l;o) 



(.•=3....f+.) 



486. Theorem. The rotation groups, not dihedron groups, define the 
algebras given below : 

(a) The tetrahedral group: generators e^, e^ cf = 1 = ^ = (e^ 62)^ 
Let o' = 1. The Frobenius algebra is 

'^llO '^ ^-880 ^^440 ^^460 ^^460 ^^540 ^WS '^660 '^MO ^^660 '^•W 
^1 ^ '^30 "i" ^ '^^aO "1" ^ '^880 "I" ^^440 • ^ '^660 I ^ '^MO 

(b) The octahedral group : e* = 1 = c| = (ej e^^. 
Let cj* = 1. The algebra is 

'^nO '^ 'W) ^^440 ^840 ^^480 ^660 '^MO '^TTO '^680 ^^660 '^STO 
'^fiO 'Wro '^60 '^880 '^•W ^ooO ^^890 'W) '^SoO '^oSO 'W) '^oJO 

^2 = ^110 4- ^^220 * ^^880 4- i V— 3 ^430 4- i ( 1 4- ^) ^^seo 4- i (1 — Co) A,670 

+ i (1 - 6)) X8w4- i (1 4- co) 7.^ + iV^^3 ;i34o— i A440 
"4- Ml 4- w) '^ew — i '^Mo 4- i JtfjTO 4- i (1 — ") ^ 4- J 6) X990 4- i ^ 
+ i (1 — 0)) X750 4- i ^760 4- J 0) Xno 4- Hi 4- w) Xa8o 4- i '^ow "- i " '^ooo 

(c) The icosahedral group : cj = 1 = ef = (^ ^i)^- 
The algebra is Xuo ^ijo ^*«) ^pgo ^m where ^ 

Sy= 2, 3, 4 A;, Z= 5, 6, 7 i>, g= 8, 9, a, ^ «, < = y, 5, 6, ^, >? 

487. Theorem. The group G^^ , ej = 1 = e| = (cg ej)*, defines the algebra 

'^llO '^ijO ^*10 '^pjO '^«tO '^1*1)0 

where ' 

*,y = 2, 3, 4 A:, Z= 5, 6, 7 i>, j = 8, 9, a, ^, y, 5 

«,< = £, f , >7, 0, I, X, ;i w, r = ^, 1^, o, 7t, p, cr, T, 4> 

488. Theorem. The groups defined by the relations cf = 1 =c§, Cj^^ cj C2=ey*, 
m prime to a, give Frobenius algebras of order r=:ac which are sums of 
quadrates as follows : 

a^kg of order 1 h^hj of order ^ 

^Shaw 6. 'Fbobbnius S; Dickson 4. 'Poincarb 4. 
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where a< is the highest common factor of m — 1 and a ; gr is the lowest expo- 
nent for which m^=l (mod a); c=^ kg. 

If a' is the smallest divisor of a, ::J: 1, and a=zai a\ then wP^ = 1 (mod a^: 
If a" is the next smallest divisor of a, a = a^a!^^ m^*= 1 (mod o^), and so 
on for all divisors of a ; if also ^ {N) is the totient of (iV), then 

^{a) — hg ^ {ai) = h^gi ^{p^i)=h9i (/= 1; 2 i_ i^i+ i p) 

We notice that if o is a primitive a-th root of unity, n a primitive c-th 
root of unity 

wherein 

The multiples of ap_aj+i, namely t^^ap^^i+i; where v^ is prime to a^,, are 
divided into A^. sets of g^ each ; s^ is the lowest in the Z-th set, the set being 
afj ms^J,^ m^'"^ «g^ ; and/ + 1 is reduced modulo^ g^,. 

489. Theorem. The algebra defined by the groups 1 = ^ = ^ = ej* 
Cfi €1^=6162 Cg ei = ej 63 ^2 eg =: Cj Cg ^ is given by the forms Jl occurring 
in the equations 

where 

a=:29-J-l,jp....l,0 no=M np_|.i=l A;, i= 1 . . . .Wp_jp^i ^=zl....n2. 

Z, is any integer -< w^ and prime to n^. [has therefore ^(Wj.) values], y + 1 is 
reduced modulo n^j; n^. is any divisor of n, the quotient^ being Wp-.«+i. 

490. The papers of Frobenius and Burnside on group-characteristics 
should be consulted. 

iShaw 13. 
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XZVIL SPECIAL CLASSES OF GBOUFS. 

491. Since every group determines a Frobenius algebra, it is evident that 
this algebra might be used to determine the group and to serve in applications 
of the group. Since the group admits only of multiplication, the group 
properties become those of certain numbers in the algebra combined only by 
multiplication. However, if the group is a group of operators, or may be 
viewed as a group of operators, it may happen that the result of operating 
on a given operand may be additive, in which case the numbers of the algebra 
become operators. Examples are given below. 

492. Snbstitations. Since every abstract group of order r is isomorphic 
with one or more substitution groups on r letters or fewer, it follows that the 
permutations or substitutions of such groups may be expressed by numbers of 
the algebra corresponding to the abstract group. Thus a rational integral 
algebraic function P of n variables may be reduced to the form 



m 



i=i 
where P^ is expressible in the form 

where A^^ is a positive or negative numerical coefficient and Sj is b, substitution 
of the symmetric group of the n variables. F^ is a rational integral algebraic 
function of the variables. All the substitutional properties of P< are direct 
consequences of the form (-4^*^ +••••+ ^n^ 'S'^). For example 

-P = i «2 — i «3 + 3ttJ ag — 3af Og — i of Oa + J Og a| = Pi + Po 
where 

P,= i [1 — (ag og) + (ai as) — (a^ a^ Og)] . a, 

Pz= [3 — i (aiO^as)— 3 {a^Oz) + iKcfa)] • afos 

wherein the bracket expresses an operation. We may find solutions for 

equations such as 

(l+(y + (T« + <7»)P = (T = (abed) 

or other forms in which the parenthesis is any rational integral expression in 
terms of substitutions. 

The solution of this particular case is P = (l — <t)-F, where F is any 
rational integral function. These equations are useful in the study of 
invariants.^ 

493. Linear Groups. A group of linear substitutions has corresponding to 
it an abstract group, such that if the generating substitutions of the linear 

group, H, are 2i, Sg 2,,, with certain relations 2^^ 2^, . . . . 2r, = 1, 2^,2^ 

.... 2r, = 1, etc., then the abstract group is determined by generating sub- 
stitutions <Ti, <T2 <Tp, with relations (T^jO^ a^.^ =1, cr^^ cr^, ^r, = 1, etc. 

' A. Young 1. 



130 SYNOPSIS OF LINEAR A8S0CIATIVB ALGEBRA 

If we choose a suitable polygon in a fundamental circle, the circle is 
divisible into an infinity of triangles, which may be produced by inversions at 
the corners of the polygon, according to the well-known methods. The 

group G generated by <Ti, ag dp without the relations is in general infinite. 

With the addition of the relations we get a group & isomorphic with 
By H being merihedrically isomorphic with G. 

Then (r', or what is the same thing 5, may be made isomorphic with a 
Frobenius algebra, which is of use in the applications of the group. A notable 
application of this kind was made by Poincar^.^ 

This application is devoted on the one hand to the study of the linear 
groups of the periods of the two kinds of integrals of a linear differential 
equation of order n which is algebraically integrable; and, on the other, to the 
proof that for every finite group contained in the general linear group of n 
variables there is such a differential equation. The results are chiefly the 
following : 

494. Theorem. For every group G' there is a system of Fuchsian func- 
tions, Abelian integrals of the first kind, such that \i K{z) is any such function, 
and if S is any substitution of & to which corresponds a linear substitution 

on«»S^f' (a5-^y=l), then 

where o is called a period of K{z). 

There are also Abelian integrals of the second kind P{zj a), such that 
P{zSy a) = P(z, a) + ^(a), where ^(a) is the a-derivative of a function of the 
first kind. 

495. Theorem. The genus of the group being ^, there are q independent 
integrals of each kind ; all others are expressible linearly in terms of these. 

496. Theorem. In the Frobenius algebra corresponding to the group let 
X be 2 . X<e<, where «< corresponds to /Si- Then KX means 2X4 ^(zaf^), and 
(dX means the period of KX corresponding to the period o of Kz. Then there 
are three kinds of quadrates in the algebra. 

I. Those for which KX^ = constant, for all values of fi'and any number 
X^ in the a-th quadrate. In this case wX= identically for any f and any 
substitution Sj and if X^ = ^X^i€^, there are linear relations among the 
coeflBcients X^^. Also P(z, a) X^ is an algebraic function. 

II. Those for which KX^ is constant for each KM X^ is properly chosen, 
so that for any -ff'and any S there is an X^ such that cjX. = 0. 

There is an integral K^ whose periods are linear combinations with 
integral coefficients of X^^ ; this integral K^ combined with K by Ribmann's 

> POINCARE 4. 
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relations gives the coefficients of the periods o in G>X=SX.i6)«; that is^ 
determines X^^. There are but q such relations independent. 

Also P(z, a) X^ is not an algebraic function for this X.. 

III. K . X^ is not constant for certain -ff's, and any X^. For any such 

K we may write KX^ = G(z\ then the periods of G{z) being wi, 6)2 w^ 

for the m substitutions of 6r', if we form the periods of G{zc)^ we get the 
same periods o in another order ; a group determinant may be formed from 
these by letting a run through 0^ which must vanish as well as its minors of 
the first m — n — 1 orders. 

That there be a rational function of x^ y^ satisfying a linear equation of 
order n, it is necessary and sufficient that there are numbers hi^h^ . . . . 5^ 
whose group determinant is of the character above. There is thus always at 
least one quadrate of the third kind. 

497. Theorem. An integral of the first kind^ K^ belongs to a quadrate if 
^jr = constant, for any number X not in this quadrate, but KX is not con- 
stant for all numbers in the quadrate. 

An integral P(2, a) belongs to a quadrate if for all values of -? not in this 
quadrate P(2, a) X is an algebraic function ; but for some values of X in the 
quadrate P{z^ a) X is not an algebraic function. 

The number of integrals of the first kind belonging to a quadrate of 
order a? is a multiple of a. 

Any integral can be separated into integrals each of which belongs to a 
single quadrate. 

498. Theorem. The 2q periods of K{z) are subject to a linear transforma- 
tion by each substitution S of G'. The totality of these linear transformations 
furnish a linear group isomorphic with H. 

The relations between the periods of P(2, a) are found by writing the 
linear relations between K{z)^ K{zS^^ K(zS^)f etc., and differentiating them. 
The derivatives are subject to linear transformations which also generate a 
group isomorphic with IT. 

The second group is related to the totality of quadrates of the second 
kind, the first group to the totality of quadrates of the third kind. 

499. Modular Group. This has been studied by means of the commutative 
algebras.^ 

500. Laurent^ has made use of representations of linear substitutions by 
quadrate numbers or tettarions, to derive several theorems. His processes are 
briefly indicated below. 

Theorem. If <t = 2 c^> ?w<^, where 

C^l = 1 { == 1 . . . . 7i ^i^ = Cji i ^ J 

then the tettarion T = 2a~^ — 1 represents an or/Aogrona/ substitution, and the 



» J. W. TouHO 1. 'Laurbnt 1, 2, 8, 4. 
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orthogonal group consists of all such substitutions. In this case a represents 
a sJcew substitution. 

501. Theorem. Every orthogonal substitution may be represented by the 
product of tettarions of the type ^ 

(0 = Xii + ;i22 + + ^nn + {^ii + ^jj) COS ^ + (X|^ Xji) BlJi ^ 

>l{« and 2*jj absent 

502. Theorem. Tettarions of the type c and 1 + c{^ij+ Xj^) produce 
tettarions representing symmetric substitutions. 

503. Theorem. Tettarions of the type 1 + Xij produce tettarions which 
represent substitutions with integral coefficients. 

i« • • •fi 

504. Theorem. If t = 2 a^j ^ij represents an orthogonal substitution, then 

1 .• ••fi 
Tp2 = 2 a<p ajq ;it^ gives a new group of linear substitutions. By similar 

compounding of coefficients of known groups, new groups may be formed. 

505. AuTONNE^ has applied the theory of matrices to derive theorems 
relating to linear groups, real, orthogonal, hermitian, and hypohermitian. If 

T = 2 dij ^ij T = 2 €lji ^ij T = 2 (l^j ^ij 

where dij is the conjugate of the ordinary complex number a^j, then r is 
symmetric if T = 'r; it is orthogonal if tt = 1 ; real if T=:r; unitary if 

rT= 1 ; hermitian if T=r. In the latter case the hermitian form /. ^ ('T') ^ ]> 0. 
[In this expression (t) acts on ^ as a linear vector operator]. If r is hermitian 

there is one and only one hermitian ^ such that ^^ = t, or ^ = r*. 

• 

Theorem. T)iat an w-ary group G can be rendered real and orthogonal 
by a convenient choice of variables, the following conditions are necessary 
and sufficient : 

(1) G possesses two absolute invariants : a hermitian form /. ^(t)^ and 
an n-ary quadratic form of determinant unity, P=:/. f (p)^. 

(2) G having been rendered unitary by being put into the form r* (Tr"*, 
in the transform of P, p is unitary. 

506. Theorem. Every tettarion is the product of a unitary tettarion by a 
hermitian tettarion. 

To put a into such a form we take t^ = aa and v =: ar~^; then a = inr. 
The literature of bilinear forms furnishes many investigations along 
these lines. 

I Cf. Tabeb 6, 7, and other papers on matrices. ' Autonne 1, 2, 8, 4. 
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XXVllL DIFFERENTIAL EQUATIONS. 

507. Pfaff^a Equation. To the solution of the equation 

Xj dxi + Xg efeca + + -^m ^m = 

Grassmann^ applied the methods of the AtAsdehmmgslehre. 

508. La Places Equation.^ This may be written v'^ = 0. It has been 
treated by quaternionic methods in the case of three variables.^ Other equa- 
tions and systems of equations which appear in physics have been handled in 
analogous ways. The literature of quaternions and vector analysis should be 
consulted.^ The full advantage of treating the general operator v ^ ^^ 
associative number, would simplify many problems and suggest solutions for 
oases not yet handled. 

509. It is pointed out by Brill ^ that by means of matrices the operator 

can be factored into 

p and q being matrices (tettarions). 

Therefore any matrical function of x, y^ z which vanishes under the 
operation of either of these linear operators is a solution of the equation 

A. 6 = 

It is obvious that this method is capable of considerable extension.' 



XXDL MODULAB STS^ 

510. It is obvious that every multiplication table may be expressed in 
the form 

If now we consider a domain admitting e^^ e^, etc., and their products and 
linear combinations, it is evident that we have a modular system. The 

expressions e^ need not be ordinary algebraic variables, of course ; they 

may be function-signs, for example. 

Every modular system may be considered to represent, and may be 
represented by, an algebra. From this point of view all numbers are quali- 
tative except integers. 

iFoBSTTHB 1. Of. AmdehnungBUhrey 1862, fS 500-527. 

'BoOLB 1; Cabmiohabl 1, 2, 8, 4; Bbill 2; Gbaybs 1. 

s Wbddbbbubh 2 ; PooxLiNeTON 1. ^ Bbill 8. 

• Of. B. Pbibob 2. Same in Appendix I in B. Pbibob 8. 

9 
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XXX. OFERATOBS. 

511. The use of different abstract algebras in forms which practically 
make them operators on other entities is quite common in some directions. 
In such applications the theory demands a consideration of the operands as 
much as of the operators, i^s operators they have also certain invariant, 
covariant, contravariant, etc. operands^ so that the invariant theory becomes 
important. 

For example, the algebra of nonions plays a very important part in 
quaternions as the theory of the linear vector operator.^ 

512. Invariants of Quantics. The formulsd and methods of quaternions 
have been applied to the study of the invariants of the orthogonal trans- 
formations of ternary and quaternary quantics.^ If f is a vector, then qi,q~^ 
is an orthogonal transformation of ^, q being any quaternion of non-vanishing 
tensor. Every vector or power of a vector or products of powers of vectors 
furnishes a pseudo-invariant. Orthogonal ternary invariants are then those 
functions of vectors which are mere scalars, the list being as follows: 

7«p T^a Sa^ SpaP Sa^y 

In these, a, ^, etc. are practically different nablas operating on p, so that 
we understand by S . a^y substantially what is also written /S.ViVaVs- 
The formulas of quaternions become thus applicable to these symbolic 
operators, yielding reductions, syzygies, etc. For example, the syzygies 

Safi Sy^e — S^y Sah + S^h Says — S^e Say 8 = 
Sap S^y8 - aSI^p SayS + Syp Sai38 — S6p Sa^y = 

This amounts, of course, to a new interpretation of Aronhold's notation, and 
the process may readily be generalized to n dimensions by introducing the 
forms /a/S, Ipp, lap, and the like. 

513. Differential Operators. The differential operators occurring in con- 
tinuous group-theory are associative, hence generate an associative algebra 
(usually infinite in dimensions). Groups of such operators are groups in the 
algebras they define, and their theory may be considered to be a chapter on 
group-theory of infinite algebras. The whole subject of infinite algebras is 
undeveloped. The iterative calculus, the calculus of functional equations, 
and the calculus of linear operations are closely connected with the subject 
of this memoir.' 

1 See references nDder NonionB, preyloii#ly given. 

* MoMahom 1 ; Shaw 14. 

* PiNOHBBLB 2, 8 ; LiMBBAT 1, 2, 3 ; Leau 1. The literature of this subject should be consulted. 
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